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THEORETICAL  AND  EXPERIMENTAL  STUDY  OF 
THERMOACOUSTIC  ENGINES 

ABSTRACT 

A  three  year  study  of  thermoacoustic  engines  operating  as  prime  movers  and 
refrigerators  was  completed.  The  major  thrusts  of  this  effort  was  the  use  and  theoretical 
description  of  ceramic  honeycomb  structures  as  the  active  element  in  thermoacoustic 
engines.  An  air-filled  demonstration  prime  mover  was  constructed  and  demonstrated  at 
Acoustical  Society  of  America  and  IEEE  meetings.  A  helium-filled  test  prime  mover 
was  designed  and  built  and  is  being  employed  in  studies  of  the  threshold  of  oscillation 
as  a  function  of  temperature  difference  and  pressure.  In  addition,  acoustically  based 
theories  of  the  thermoacoustic  engine  have  been  developed  and  tested  for  a  parallel  plate 
stack  at  the  Naval  Postgraduate  School  (NPS)  and  for  a  honeycomb  stack  at  the 
University  of  Mississippi  (UM).  Most  of  this  work  is  described  in  detail  in  the  attached 
publications.  In  this  report  we  will  give  an  overview  of  the  research  completed  to  date 
and  its  relationship  to  work  performed  at  NPS  and  to  future  work  at  UM. 
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THEORETICAL  AND  EXPERIMENTAL  STUDY  OF 
THERMOACOUSTIC  ENGINES 

INTRODUCTION 

Thermoacoustic  engines  are  devices  which  conveit  heat  energy  to  acoustic  energy 
or  acoustic  energy  to  a  heat  transfer.  The  acoustic  wave  serves  as  the  pump  to 
compress  and  displace  the  working  fluid.  In  a  prime  mover,  a  section  of  a  standing 
wave  tube  is  occupied  by  a  stack,  a  porous  material  with  an  impressed  temperature 
gradient.  The  hot  end  of  the  stack  faces  the  pressure  antinode.  The  entropy  and 
vorticity  modes  modify  the  standing  acoustic  wave  such  that  the  temperature  change  lags 
the  compression  and  work  is  done  on  the  gas  and  the  acoustic  wave  is  amplified. 

In  a  refrigerator,  the  acoustic  wave  is  driven  by  an  electroacoustic  driver  (or  by  a 
thermoacoustic  prime  mover)  and  the  stack  carries  the  opposite  temperature  gradient  from 
the  prime  mover.  In  this  case  the  acoustic  wave  transfers  energy  firom  the  cool  end  of 
the  stack  to  the  hot  end  where  heat  exchangers  remove  the  heat  A  detailed  description 
of  thennoacousdcs  is  contained  in  Ref.  1. 

Previous  analytical  work  with  realistic  thermoacoustic  engines  has  relied  on 
Runge-Kutta  integration  to  evaluate  the  behavior  of  the  entire  standing  wave  tube.  In 
Section  I  we  will  briefly  describe  our  efforts  to  develop  an  acoustic  or  impedance  based 
method  for  an  element  by  element  analysis  of  thermoacoustic  engines.  The  attached 
publications  provide  a  detailed  description  of  this  analysis.^ 

Two  types  of  stacks  have  been  employed  in  thermoacoustic  devices,  parallel  plates 
or  a  section  of  the  tube  wall.  The  former  type  was  constructed  either  by  parallel  linear 
plates  or  by  a  spiral  shaped  by  winding  up  thin  sheets  of  plastic  material.  Sections  of 
closed  tubes  with  large  temperature  gradients  have  been  obsoved  to  resonate  naturally. 
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The  Sondhauss  tube  results  when  blown  glass  develops  a  temperature  gradient  while 
Taconic  oscillations  are  observed  when  glass  tubes  reach  from  room  temperature  to 
cryogenic  temperatures. 


A  portion  of  our  effort  was  to  extend  the  acoustic  based  formulation  of 
thermoacoustics  to  other  pore  geometries  based  on  previous  experiments  at  UM  on  the 
analysis  of  sound  propagation  in  oorous  media.  In  particular,  we  have  employed  rigid 
ceramic  catalytic  converter  cores  as  the  stack  material.  These  cores  are  attractive  as  stack 
material  since  they  provide  a  regular  cross  section  and  are  cheap  and  easy  to  form.  In 
addition,  the  two-dimensional  matrix  may  reduce  turbulence  effects  relative  to  the 
parallel  plate  arrangement  at  high  amplitudes. 

The  development  of  an  acoustic  based  formulation  for  different  shapes  (particularly 
rectangular  pores)  is  described  in  Section  II.  Details  of  this  analysis  and  background 
work  on  acoustic  propagation  in  rectangular  porous  materials  arc  presented  in  Refs.  3,  4 
and  5. 

The  formulation  developed  in  Ref.  3  was  used  to  design  a  helium-filled  prime 
mover  with  a  minimum  onset  temperature  difference.  The  prime  mover  was  constructed 
and  measurements  of  onset  temperature  difference  versus  pressure  are  in  progress.  This 
work  is  described  in  Section  III. 

Section  IV  describes  the  application  of  impedance  measurements  to  the  air-filled 
demonstration  prime  mover.^  These  measurements  illustrate  the  power  of  acoustic 
analysis  and  measurement  techniques  to  thermoacoustic  problems. 

Section  V  summarizes  our  accomplishments  in  this  three  year  effort  and  briefly 
describes  future  work. 
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I.  AN  ACOUSTICS  BASED  STUDY  OF  THE  THERMOACOUSTIC 
PRIME  MOVER  BELOW  ONSET 


Henry  Bass  worked  with  Anthony  A.  Atchley,  Thomas  Hofler  and  Hsiao-Tseng 
Lin  at  NPS  in  developing  and  testing  an  acoustic  based  formulation  of  a  thermoacoustic 
prime  mover,2  A  counterpropagaring  plane  wave  description  of  the  stack  was  developed 
based  on  Zwikker  and  Kosten's  analysis  of  sound  propagation  in  porous  rigid  media. 
The  thermoacoustic  effects  and  the  impressed  temperature  gradient  lead  to  different 
complex  wave  numbers  for  propagation  with  the  temperature  gradient  and  against  it. 

This  theory  was  compared  to  measurements  of  the  Q  factor  of  the  resonate  tube 
versus  temperature  difference  at  different  pressures.  Good  agreement  was  achieved. 
The  worst  discrepancies  occurred  for  low  temperature  gradients  when  the  acoustic 
description  should  be  best.  Apparently  the  thermoacoustic  effects  at  higher  temperature 
gradients  dominate  this  source  of  error. 

11,  GENERAL  FORMULATION  OF  THERMOACOUSTICS 
FOR  ARBITRARY  STACK  CROSS  SECTIONS 

Basic  research  on  the  acoustic  description  of  regular  rectangular  ceramic  catalytic 
cores^«5  was  extended  to  thermoacoustic  calculations.^  The  effect  of  the  pore  shape  on 
the  interaction  of  the  acoustic  mode  with  the  vorticity  and  thermal  mode  is  given  by  the 
function  F(x,y,X)  which  satisfies 

F(x,y;>,)  +  (R2/iX2)  AjF(x,y;X)  =  1  ,  (1) 

subject  to  the  boundary  condition  of  F(x,y;X)  =  0  at  the  pore  walls.  R  is  a  characteristic 
transverse  dimension  of  the  pore  and  X  is  the  shear  wave  number,  X  =  Ro(PoCi)/ti)V2, 
or  the  thermal  disturbance  number,  X7  =  R(potocp/K)l/2.  Use  of  the  Prandtl  number. 
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Npr  =  ilCp/K,  gives  A.7  =  X(Npr)^/2.  Since  we  are  interested  in  average  values,  the 
F(x,y,X,)  are  averaged  over  the  pore  cross  section  to  form  F(X.).  The  functional  form  of 
F(A,)  was  determined  for  square,  rectangular,  triangular,  and  circular  pores  as  well  as  for 
parallel  slits. 

The  average  pressure  and  panicle  velocity  differential  equations  in  the  pore  are  then 
used  to  form  an  impedance  differential  equation: 


dZ(z) 

dz 


=  ik(z)  Zint(z) 


Z(z)^ 

Zint(z)^  j 


+  2a(z)  Z(z) 


(2) 


where 


a(z)  = 

2 


F(Xt)/F(X)  -  1 
1  -N^ 


k(z) 


-(5| 


F(X) 


[y=(y-1)F(M. 


(3) 


(4) 


and 


Zini(z)  =  Po“/[^  F(^)  k]  .  (5) 

Since  the  gas  properties  vary  with  temperature  along  the  stack,  Eq,  (2)  must  be 
evaluated  by  numerical  integration.  The  heat  and  work  flows  in  the  stack  have  also  been 
evaluated  in  terms  of  F(X)  and  F(Xt).  These  equations  are  used  to  determine  the  steady 
state  condition  for  the  thermoacoustic  devices. 
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In  a  refrigerator,  the  operating  parameters  are  varied  until  the  heat  flow  in  the  stack 
is  constant  as  a  function  of  position.  This  determines  the  temperature  profile  in  the 
stack. 

Calculation  of  the  F(X,)  for  the  various  pore  shapes  demonstrates  that  the  parallel 
plate  is  the  optimum  shape  for  the  short  stack  approximation  for  linear  acoustic  waves. 

III.  SPECinC  IMPEDANCE  MEASUREMENTS  OF  A  PRIME  MOVER 
A.  Prime  Mover  Impedance  Measurements^ 

The  experimental  arrangement  used  is  shown  in  Fig.  1.  A  prime  mover  was 
mounted  vertically  and  an  impedance  tube  was  attached  at  the  bottom  via  a  flange.  The 
prime  mover  was  built  originally  for  use  as  a  demonstration  device  and  for  practice  in 
fabricating  the  elements.  A  section  of  resonator  made  of  copper  pipe  of  length  20.96  cm 
and  inner  radius  4.32  cm,  and  capped  at  the  top,  was  the  first  element.  High 
temperature  heat  tape  was  wrapped  around  the  entire  section  followed  by  a  1  inch  layer 
of  heat  insulating  material.  Heat  was  transported  by  conduction  to  the  next  element 
which  was  the  hot  heat  exchanger.  A  type  K  thermocouple  was  placed  inside  the  hot 
exchanger  to  monitor  the  temperature.  The  stack  (or  thermoacoustic  engine)  which 
supports  the  temperature  gradient  was  the  next  element  and  will  be  discussed  below. 
Heat  was  removed  at  the  cold  exchanger  by  water  from  a  the  lab  sink.  Another  section 
of  resonator,  which  was  wrapped  with  water-circulating  tubing,  was  the  next  element. 
This  section  was  44.45  cm  long  and  of  radius  4.32  cm. 

The  heat  exchangers  were  made  by  laminating  with  epoxy  copper  sheets  spaced  by 
aluminum  sheets.  The  copper-aluminum  laminate  was  then  turned  to  a  cylindrical  shape 
using  a  lathe.  The  cylindrical  boundary  was  clad  with  a  shell  of  copper  about  2.5  mm 
thick  by  using  an  electroplating  technique.  The  heat  exchanger  was  then  machined  into  a 
disk  form  and  inserted  into  a  flanged  holder  for  attachment  to  the  other  elements.  The 
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THERMOACOUSTIC 
PRIME  MOVER 


Q.  =  0.74 
Q.  =  0.73 
Q.  =  0.74 


L  =  20.96  cm 
R  =  4.32  cm 


L  =  1.638  cm 
L  =  4.020  cm 
L  =  1.610  cm 


L  =  44.45  cm 
R  =  4.32  cm 


w 

u 

MICl 

PEDA^ 

TUBE 

MIC  2 

R  =  1.65  mm 
R  =  0.77  mm 
R  =  1 .65  mm 


SPEAKER 


Figure  1.  Demonstration  thermoacoustic  oscillator  and  analysis  impedance  tube. 
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aluminum  was  etched  away  using  a  dilute  hydrochloric  acid  solution.  The  resulting  heat 
exchanger  was  made  entirely  of  copper  with  plate  to  plate  spacing  of  the  copper  strips 
equal  to  1.65  mm.  The  cold  heat  exchanger  flange  included  an  open  tank  for  water 
circulation  around  the  periphery  of  the  plates.  The  hot  and  cold  exchangers  were  1.638 
cm  and  1.610  cm  long,  and  had  open  to  total  volume  ratios  of  Q  =  0.74. 

The  stack  was  a  ceramic  cylindrical  sample  of  a  monolithic  catalyst  support. 
Reference  4  describes  the  analysis  of  some  acoustic  properties  of  the  catalyst  supports. 
It  is  a  section  of  a  porous  medium  in  which  the  open  pores  have  square  boundaries  of 
semi-width  0.77  mm,  and  are  straight  tubes  in  the  z  direction  (Fig.  1).  The  ceramic 
sample  had  a  radius  of  7.3  cm.  To  attach  it  to  the  heat  exchangers,  a  ring  of  inner 
radius  4.32  cm,  outer  radius  7.3  cm,  and  depth  3.2  mm  was  removed  from  the  ceramic 
sample.  This  left  a  protruding  central  portion.  Copper  rings  of  thickness  3.2  mm,  inner 
radius  4.32  cm,  and  outer  radius  of  12  cm  were  supported  between  the  ends  of  the 
ceramic  piece  using  threaded  rod  stand-offs.  Holes  were  drilled  in  the  copper  disks  to 
match  the  heat  exchanger  flange  holes. 

An  impedance  tube  with  an  inner  radius  of  7.3  cm  was  attached  at  the  bottom  of 
the  prime  mover.  Microphones  were  placed  5  cm  from  the  bottom  of  the  prime  mover 
and  the  speaker  below  (10  cm  separation).  The  impedance  tube^  is  generally  used  to 
determine  the  specific  acoustic  impedance  (or  pressure  divided  by  particle  velocity)  at 
z=0  in  Fig.  1.  Denote  by  Pj,  Vj,  and  V]  the  pressure,  volume  velocity,  and  panicle 
velocity  at  z  =  0  in  the  impedance  tube  of  cross-sectional  area  Aj  =  167.5  cm^.  Denote 
by  subscript  2  the  corresponding  quantities  for  the  prime  mover.  Assuming 
conservation  of  pressure  and  volume  velocity  at  the  interface,  Pi/Vj  =  P2/V2.  The 
quantity  measured  using  the  impedance  tube  was  Zj  =  P\h\  =  A]  Pi/V]  =  A]  P2/V2  = 
Ai  P2/(v2A2).  The  desired  quantity  Z2  =  P2/V2  was  thus  determined  from  Z2  =  Zj 
A2/A1.  Neglect  of  interfacial  effects  of  the  impedance  tube  to  prime  mover  radius 
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discontinuity  is  a  low  frequency  approximation.  The  prime  mover  was  evaluated  using 
swept  sine  wave  analysis  at  sufficiently  low  amplitudes  that  negligible  heat  was 
transported  thermoacoustically.  The  measured  impedance  can  become  a  function  of  the 
amplitude  of  driving  pressure  signal  at  high  levels  due  to  the  alteration  of  the  static 
temperature  gradient  by  thermoacoustic  streaming.* 

The  real  and  imaginary  parts  of  the  measured  specific  acoustic  impedance  as  a 
function  of  the  temperature  difference  are  shown  in  Figs.  2a  and  2b.  The  real  pan 
becomes  negative  at  some  frequencies,  indicating  the  possibility  of  having  an  active 
system  with  reflection  coefficients  greater  than  one.^  When  the  impedance  tube  is 
removed,  which  of  course  changes  the  prime  mover  termination  impedance,  sound  at  a 
nominal  frequency  of  115  Hz  is  produced  for  AT  >  176  K.  The  expression  for 
radiation  specific  acoustic  impedance*®  at  the  mouth  of  the  prime  mover  is 
Poc[(!c()R/2)2  _  i  0.6  koR]  where  ko  =  co/c,  co  is  the  radian  frequency,  Po  is  the  ambient 
air  density,  c  is  the  adiabatic  sound  speed  of  air,  and  R  =  4.32  cm  is  the  tube  radius. 
The  minus  sign  occurs  because  of  our  choice  for  the  positive  direction  of  z  in  the 
coordinated  system  on  Fig.  1.  Radiation  impedance  is  represented  by  dashed  lines  in 
Figs.  2a  and  2b.  One  immediate  check  of  the  measurements  is  that  the  initial  operating 
point  (115  Hz,  AT  =  176  K)  given  by  the  plus  symbol  occurs,  for  both  the  real  and 
imaginary  parts  of  the  radiation  impedance,  at  the  intersection  of  the  calculated  and 
measured  impedance  values. 

B.  Conclusions 

Specific  acoustic  impedance  measurements  were  made  as  a  function  of  the 
temperature  gradient  across  the  stack.  Among  other  uses,  these  measurements  are 
helpful  for  evaluating  the  possibility  of  using  the  prime  mover  as  a  sound  source. 
Another  interpretation  of  Fig.  2  is,  for  example,  that  the  plane  wave  reflection  coefficient 
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REAL  IMPEDANCE  (Pa  /  m/s) 


FREQUENCY  (Hz) 


Figure  2a.  Real  part  of  the  specific  acoustic  impedance  at  the  mouth  of  the  prime  mover. 
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FREQUENCY  (Hz) 


Figure  2b.  Imaginary  pan  of  the  specific  acoustic  impedance. 


at  80  Hz  and  AT  =  160  K  is  >  1  for  waves  incident  in  an  infinite  length  tube  of  the 
same  diameter  as  the  prime  mover  but  in  the  location  of  the  impedance  tube  in  Fig.  1. 
For  prime  movers  far  above  the  onset  of  sound  production,  or  for  strongly  driven 
thermoacoustic  refrigerators,  the  temperature  distribution  from  hot  to  cold  is  not  simply 
the  static  distribution  established  by  the  thermal  conductivity  of  the  gas  and  stack.  The 
presence  of  the  strong  acoustic  wave  influences  its  thermal  surroundings^  by  heat 
transport  and  in  this  sense  the  thermoacoustic  oscillation  is  an  example  of  a  self- 
interacting  wave  process. 

IV.  ONSET  MEASUREMENTS  IN  AN  OPTIMIZED 
HELIUM-FILLED  PRIME  MOVER 

The  theory  described  in  Section  II  and  in  Ref.  3  was  used  to  design  a  helium-filled 
thermoacoustic  engine  (see  Fig.  3).  The  design  goal  for  this  tube  was  to  produce  sound 
at  as  small  a  temperature  gradient  as  possible.  After  construction,  the  thermoacoustic 
engine  is  being  tested  to  compare  the  predicted  onset  gradient  to  the  measured. 

In  initial  tests  the  tube  was  filled  with  helium  to  3  kPa.  Figure  4  shows  the 
computed  stability  curve  for  the  fundamental  frequency  near  308  Hz  and  the  1st 
harmonic  near  605  Hz.  Ambient  pressure  is  the  horizontal  axis.  Temperature  difference 
between  hot  and  cold  ends  is  on  the  vertical  axis.  For  temperatures  below  the  boundary 
between  stable  and  unstable  no  gas  oscillations  occur.  Thermal  boundary  layer  thickness 
5x  =  (2k/poCOCp)'/2  oe  o)~*/2  Po“*/2  where  Pq  is  the  ambient  pressure  in  the  tube.  For 
fixed  tube  length  as  in  the  thermoacoustic  engine,  the  boundary  layer  thickness  can  be 
adjusted  by  changing  Pq.  For  low  Pq,  the  boundary  layer  is  much  thicker  than  the  pore 
size  in  the  stack  and  heat  exchangers  so  gas  viscosity  chokes  the  flow.  For  Pq  =  173 
kPa  the  boundary  layer  thickness  is  optimal  for  thermoacoustic  effects  and  the  lowest 
onset  temperature  of  around  180°C  occurs.  One  factor  that  greatly  contributes  to 
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SCALE  DRAWING  OF  TIM  TAE: 


R  =  4.281  cm 
L  =  23.07  cm 


R  =  4.261  cm 
L  =  129.0  cm 
„  =  0.995 


R  = 
L 


R  =  0.77  mm 
L  =  5.08  cm 
..  =  0.69 


R  = 
L: 


1.118  mm 
1.814  cm 
0.64 


1.118  mm 
1.638  cm 


=  0.64 


DEFINmONS: 

R  =  2  pore  area  /  pore  perimeter 
L  =  length  of  section 

„  =  porosity  of  section  relative  to  the  largest 
area  element,  the  hoLend  in_thisj:asfi. 


Figure  3.  Scale  drawing  for  the  fundamental  and  first  harmonic  for  the  UM  TAE. 
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Figure  4.  Stability  curves  for  the  fundamental  and  first  harmonic  for  the  UM  TAE. 


mininuzing  the  onset  temperature  is  the  location  of  the  stack  and  heat  exchangers  relative 
to  the  lengths  of  the  hot  and  cold  ends.  When  the  elements  are  too  close  to  the  hot  end 
gas  particle  displacement  is  small  so  the  required  temperature  gradient  becomes 
prohibitively  large.  When  you  try  to  do  work  on  the  gas  it  responds  by  changing 
pressure  but  only  a  small  particle  displacement  occurs.  However  as  the  elements  move 
too  close  to  the  center  of  the  tube  where  a  pressure  node  occurs  the  work  done 
approaches  zero.  When  you  try  to  do  work  on  the  gas  at  this  point  in  the  standing 
wave  the  gas  responds  by  undergoing  a  large  displacement,  but  only  a  small  pressure 
change  occurs.  Somewhere  between  the  pressure  node  at  the  center  and  the  particle 
velocity  node  at  the  end  is  an  optimal  location  for  the  location  of  the  elements.  The 
optimal  location  is  closer  to  the  end  where  particle  velocity  is  less  so  that  losses  due  to 
gas  viscosity  are  minimal.  The  thermoacoustic  engine  was  designed  to  optimize  the 
location  of  the  elements. 

Since  oc  TqO-S  0)-1/2  Po-1/2  it  seems  odd  at  first  glance  that  the  minimum  of 
the  first  harmonic  would  be  at  a  higher  pressure  than  the  fundamental.  The  temperature 
dependence  is  in  part  due  to  ambient  density  and  in  part  to  thermal  conductivity. 
Supposing  there  to  exist  an  optimal  boundary  layer  thickness,  then  as  co  is  increased, 
Pq  should  decrease  to  balance  the  equation.  However,  there  is  no  single  optimal 
boundary  layer  thickness  for  the  tube.  Viscous  losses  can  be  defeated  by  aiming  at  thin 
boundary  layers.  The  stack  location  helps  to  minimize  viscous  losses  for  the 
fundamental,  but  not  the  first  harmonic.  Additionally,  panicle  displacement  is  smaller  at 
higher  frequencies  so  the  necessary  temperature  gradient  ITqzI  to  make  F  >  1  for  onset 
increases.  (The  pressure  in  the  standing  wave  changes  from  maximum  to  minimum  over 
a  shorter  distance  as  the  frequency  increases.)  At  a  frequency  double  the  fundamental, 
the  ambient  pressure  must  diminish  by  a  factor  of  2*/^  to  get  the  same  optimal  boundary 
layer  thickness.  But  the  average  temperature  (T^  +  Tq)/!  must  increase  by  a  factor  of 
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2.  To  offset  the  temperature  increase,  the  ambient  pressure  must  increase  by  a  factor  of 
2O®.  Thus  it  is  reasonable  that  the  ambient  pressure  must  increase  by  a  net  amount 
approximately  equal  to  2®-^  to  achieve  the  boundary  layer  thickness  for  optimal 
thermoacoustic  pumping  of  the  wave.  In  order  to  experimentally  observe  both  modes, 
the  thermoacoustic  engine  should  be  heated  to  a  temperature  in  the  unstable  region  of  the 
1st  harmonic  with  the  Q  of  the  resonant  cavity  so  low  that  there  is  no  oscillation  of  the 
fundamental.  When  the  Q  is  increased,  both  modes  should  oscillate  . 

Figure  5a  is  the  l/Q  curve  for  the  fundamental  and  1st  harmonic  for  a  pressure  of 
173  kPa.  When  l/Q  =  0  the  thermoacoustic  engine  is  at  the  perilous  bn  -.ndary  between 
stability  and  instability.  For  AT  above  the  onset  value  154.6  K  for  the  fundamental,  the 
time  evolution  of  the  pressure  follows  the  form  exp(jtfot/lQ|)  until  nonlinearity  becomes 
apparent.  The  exponential  growth  factor  for  the  fundamental  has  a  maximum  at  AT  = 
800  K.  For  higher  temperatures  the  ambient  temperature  in  the  hot  end  causes  the 
ambient  sound  speed,  which  is  c  Tq*/2,  to  increase.  As  a  rough  guide  for  computing 
the  resonant  frequency  of  the  tube,  note  that  resonance  should  occur  for  2ko(.Lc  + 
2k()|,Lh  =  27t  or  alternatively  fg  =  l/[2(Lc/cc  +  Lh/ch)]  where  L^.  and  Cj.  are  the  lengths 
and  sound  speeds  of  the  cold  section,  etc.  Thus  as  c^,  increases  we  can  view  this  as  an 
effective  shortening  of  the  hot  end,  which  puts  the  elements  closer  to  a  velocity  node 
with  concomitant  decrease  of  effectiveness.  We  can  also  understand  the  increase  of  the 
resonant  frequency  with  temperature  shown  in  Fig.  5b  from  the  equation  for  fQ. 
Dispersion  effects  in  the  thermoacoustic  elements  are  somewhat  apparent  in  this  figure  in 
that  the  frequency  of  the  first  harmonic  is  not  twice  the  fundamental.  This  difference  is 
much  more  noticeable  in  the  original  numbers  from  which  these  files  were  made. 

Figure  6  shows  the  experimental  onset  temperature  gradient  compared  to  the 
theoretical  gradient.  The  cold  heat  exchanger  is  maintained  at  Tq  =  20®C.  The 
experimental  values  show  good  agreement  with  the  theoretical  curve,  but  shifted  upward 
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Figure  6.  The  experimental  onset  temperature  gradient  compared  to  the  theoretical  gradient. 
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by  approximately  4®C.  Thermocouples  placed  on  the  exterior  of  the  tube  show  a 
temperature  gradient  along  the  length  of  the  tube  from  the  cold  heat  exchanger  to  the 
cold  end.  This  reverse  gradient  could  account  for  this  shift. 

New  experiments  are  being  performed  with  more  uniform  cooling  of  the  tube  and 
with  thermocouples  placed  in  the  stack.  These  improvements  should  reduce  the  error. 

V.  SUMMARY  AND  CONCLUSION 

The  three  year  study  of  thermoacoustic  devices  has  been  highly  successful  although 
we  have  not  accomplished  all  we  hoped.  Ceramic  catalytic  converter  cores  have  been 
used  as  the  stack  material  in  air-filled  and  helium-filled  thermoacoustic  prime  movers. 
A  general  theory  for  thermoacoustic  engines  based  on  the  theory  of  acousi  c  propagation 
in  porous  materials  has  been  developed  for  a  single  layer  model  for  a  parallel  plate 
stack2  and  for  arbitrary  pore  shapes  using  numerical  integration.^  The  results  of  these 
theories  agree  well  with  onset  data  in  thermoacoustic  prime  movers  as  well  as  impedance 
tube  measurements.^ 

It  was  originally  planned  to  build  a  thermoacoustically  driven  refrigerator  in  the 
third  year  of  this  study.  We  have  not  built  this  device  yet  but  it  will  not  be  difficult  to 
design  and  build.  The  helium-filled  thermoacoustic  engine  is  modular  in  construction  so 
that  additional  elements  can  be  easily  incorporated.  The  computer  program  contained  in 
Appendix  A  will  be  used  to  optimize  the  design  of  the  engine-refrigerator  so  that 
nonlinear  effects  will  be  minimized. 

The  work  of  the  past  three  years  forms  a  good  basis  for  future  work  in  the  physics 
of  thermoacoustic  refrigerators  and  engines. 
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APPENDIX  A 


FORTRAN  PROGRAM  FOR  ANALYSIS  OF  THE 
THERMOACOUSTIC  ENGINE 


APPENDIX:  FORTRAN  PROGRAM  FOR  ANALYSIS  OF  TIIK  IJM  TAE 


EXECUTION  FILE  FOR  THE  TIIFRMOACOUSTIC  ENGINE  CODE.  HIE  ( 
IS  ON  MY  ACCOUNT  ON  THE  IBM  3084.  CMS  OPERATING  SYSTEM 
MACHINE.  ACCESS:  LOCilN  PAARNOTT.  PASSWORD  FROGGY. 

Alf-  &INDEX  NE O&CaiD  -HEREWEGO 
l  YPE  EN'I'ER  TT IE  NAME  OF  THE  PARAMS  FILE  WHICH  DESCRIBES  THE  TAE. 

&READ  ARCS 
-HEREWEC£> 

VMFCLEAR 

COPYFILE  &l  PARAMS  A  TEMP  PARAMS  A  (REPLACE 

EXECGLOBALS 

FILEDEFI  DISKTDATAA 

RLEDEF  2  DISK  TEMP  PARAMS  A 

RLEDEF  15  DISK  PRESS  DATA  A  (RECFM  V 

RLEDEF  16  DISK  WORKFLOW  DATA  A  (RECFM  V 

FILEDEF  17  DISK  HEATFLOW  DATA  A  (RECFM  V 

RLEDEF  18  DISK  IMPED3D  DATA  A  (RECFM  V 

RLEDEF  19  DISK  IMPED  DATA  A  (RECFM  V 

FILEDEF  20  DISK  ENTHALPY  DATA  A  (RECFM  V 

RLEDEF  21  DISK  WORKDRIV  DATA  A  (RECFM  V 

RLEDEF  27  DISK  QUALREC  DATA  A 

RLEDEF  28  DISK  RESFREQ  DATA  A 

RLEDEF  29  DISK  QUALFACT  DATA  A 

RLEDEF  30  DISK  POSVSDT  DATA  A 

RLEDEF  37  DISK  QUALREC  DATAEIG  A 

RLEDEF  38  DISK  RESFREQ  DATAEIG  A 

FILEDEF  39  DISK  QUALFACT  DATARG  A 

RLEDEF  41  DISKTQZ  DATA  A 

RLEDEF  42  DISK  REIMPED  DATA  A  (RECFM  V 

RLEDEF  43  DISK  IMIMPED  DATA  A  (RECFM  V 

RLEDEF  44  DISK  STABCURV  DATA  A  (RECFM  V 

•  PROGRAM  FOR  COMPUTING  PROPAGATION  CONSTANTS.... 

•LOAD  TAEUTIL  ( CLEAR  NOMAP  START 

•  GENERAL  PROGRAM  FOR  COMPUTING  ZJ.HEAT.WORK. 

♦LOADTAEHE2  ( CLEAR  NOMAP  START 

•  GENERAL  PROGRAM.  RNITE  DIFF  IN  STACK,  FOR  COMPUTING  Z.P.HEAT,WORK. 

•LOADTAEHE3  ( CLEAR  NOMAP  START 

•  GENERAL  PROGRAM,  RNITE  DIFF  IN  STACK,  FOR  COMPUTING  Z.P, HEAT, WORK. 

•  GAS  ABSORPTION  IS  INCLUDED  IN  THE  OPEN  TUBE  SECTIONS. 

♦IJOADTAEHE3V2  (CLEAR  NOMAP  START 

•  GENERAL  PROGRAM,  RUNGE  KUTTA  IN  STACK,  FOR  COMPUTING  Z,P,HEAT,WORK. 

♦LOAD  TAERUNGE  ( CLEAR  NOMAP  START 

•  GENERAL  PROGRAM.  RUNGE  KUTTA  IN  STACK,  FOR  COMPUTING  ZJ>,HEAT,WORK. 

•CAN  ALSO  COMPUTE  TRAVEUNG  WAVES.  SOMEWHAT  OPTIMIZED. 

•LOAD  TAEHEUNG  ( CLEAR  NOMAP  START 

•  GENERAL  PROGRAM  FOR  COMPUTING  ZJ>,HEAT,WORK.  BASED  ON  DF/DLAMBDA. 

•IJOADTAEHE4  ( CLEAR  NOMAP  START 

•  PROGRAM  FOR  COMPUTING  THE  Q  FROM  COMPLEX  EIGENFREQUENCY. 

•LOAD  TAEHEQ  ( CLEAR  NOMAP  START 

•  PROGRAM  FOR  COMPUTING  THE  Q  FROM  COMPLEX  EIGENFREQUENCY. 

•  USES  INPUT  FROMTAEHE3  AS  INPUTTOSTARTTHINCS  OFF  WITH. 

•LOAD  TAEHBQ2(<XEAR  NOMAP  START  ^  _ 

•  ALL  RUNGE-KUTTA  PROGRAMS  ABOVE  HERE  ARE  NOT  CORRECTED. 

•  PROGRAM  FOR  COMPUTING  THE  Q  AS  A  FUNCTION  OF  TEMPERATURE  IN  AN  EASY 
•WAY.  USES  RUNGE  KUTTA  INTEGRATION. 

•  SECOND  PROGRAM  IS  A  COMPLEX  NUMBER  VERSION  TO  GET  THE  COMPLEX  EIG  FRE. 

•LOAD  TAEAUTO  ( CLEAR  NOMAP  START 

•LOAD  TAECAUTO  ( CLEAR  NOMAP  START 

•  VERSION  OFTAECAUTO  FOR  AIR  RLEED TUBES. 

•  LOAD  TAECAIR  ( CLEAR  NOMAP  START 

•  TO  PLOT  1/0  AND  RES  VERSUS  LAMBDA,  USING  TAECAIR,  FOR  A  PRIMEMOVER. 

•  LOAD  TAECBALT  { CLEAR  NOMAP  START 

•  TAECMONT:  PROGRAM  BASED  ON  TAECAUTO  TO  COMPUTE  THE  Q  AND  RESFREQ  FOR 


*  11  ir.  MONTEREY  lUBE.  TAKKS  INK)  ACCOUNI'niE  DErENDTJ^CE  ON  TEMPERA  11  IRE 
‘  \vi  lEN  roMPirnNO the  niERMAL coNDUcnvn  Y  oi  rfii-; .v/ ack. 

‘lX)ADTAECMONT( CLEAR  NOMAPSTART 

*  UMTAE  FORTRAN  ;  PROGRAM  FOR  DESIGN  OF  niE  UM"!  AE.  USEDTAECAUTO  AS  I  HE 

*  S'l  ARTING  PROGRAM. 

•LOAD  UMTAE  ( CLEAR  NOMAP  START 

*  UM'I  AECH:  QIECK  OF  UMTAE  WI  DI  MONTEREY  DA  TA 
•LOAD  UMTAECH  (CLEAR  NOMAPSTART 

*  PROGRAM  FROM  TAECBALT  FOR  COMPUTING  THE  RESPONSE  OF  THE  DEMOTAE  IN  AIR 
•LOAD  TAEAIRD  (CLEAR  NOMAPSTART 

*  UMTAEV2  FORTRAN :  PROG  FOR  DESIGN  OF  THE  UMTAE.  USEDTAECAUTO  AS  THE 

*  STARTING  PROGRAM. 

LOAD  UMTAEV2  ( (XEAR  NOMAP  START 

ERASE  TEMP  PARAMS  A 

ERASE  HLE  SCRATCH  A 

FILEDEF  *  CLEAR 

&EXIT 

TAE  PARAMETER  FILE.  ACTUAL  #S  OF  THE  UMTAE  TUBE. 

I'AE  PARAMETER  HLE  ACTUAL  «S  OF  THE  UMTAE  TUBE. 

DEFINETHETUBE  FROM  RIGITTTO  LEFT.  AT  LEFTONE  USUALLY  HAS  THE  DRIVER. 
MINIMUM  FREQUENCY.  MAXIMUM  FREQUENCY.  (HZ).  AND  NUMBER  OF  FREQ.  POINTS. 
250.000  400.  300 

TERMINATION  ATTHE  RIGHT  ENDOFTHETUBE. 

ONE  OF  RIGID.  FREE.  OR  INFIN.  INFIN  IS  AN  INFINITE  TUBE. 

RIGID 

AMBIENTPRESSUREINTHETUBEANDTHE  DRIVER  PRESSURE  AMPUTUDE  FOR  ALL 
FREQUENCIES.  PRESSURE  IN  PASCAL.  DRIVER  DISPLACEMENT  IN  METERS. 

3.00D5  I.D-8 

NUMBER  OF  SECTIONS  IN  THE  TAE.  E.G.  AN  OPEN  SECTION.  RGH  HEAT  EXCH. 

STACK.  LEFT  HEAT  EXCH.  AND  ANOTHER  OPEN  SECTION  WOULD  BE  5.  INTEGER. 

5 

«**«**«*  DEFINITION  OF  SECTION  I  ************************************* 

SECTION  TYPE.  ONE  OF  OPENTU,  HEXCH.  OR  STACK. 

OPENTU 

ELEMENT  TYPE.  HAS  MEANING  ONLY  FOR  HEXCH  OR  STACK  SECTION  TYPES. 

ONE  OF  RECT,  CYL,  OR  SLIT.  DEHNING  THE  TYPE  OF  PORES. 

SLIT 

NUMBER  OF  LAYERS  THIS  SECTION  IS  BROKEN  UP  INTO. 

I<=  NUMLAY<=  100  PRACTICALLY. 

1 

LENGTHOFTHESECnON. 

METERS. 

23.07D-2 

TEMPERATURE  OFTHE  RCH  END  OFTHE  SECTION.  FOR  AN  ISOTHERMAL  SECTION 
SUCH  AS  OPEN  TUBE  OR  HEAT  EXCHANGERS.  USETRGH  =  TLEFT.  KELVIN. 
293.000000000000000 

TEMPERATURE  ATTHE  LEFT  END  OFTHE  SECTION. 

SEE  NOTE  ABOVE.  KELVIN. 

293. 

RATIO  OF  2  PORE  AREA  TO  PORE  PERIMETER  (M).  FOR:  CYL=RADIUS.  SUT= 

WIDTH,  RECT=2SW  A/(l+A)  A>1=SIDES  ASPECT  RATIO.  SW=SHORTEST  SEMIWIDTH. 

4.281  D-2 

ASPECT  RATIO  OFTHE  PORE.  VALID  FOR  RECTANGULAR  PORES  ONLY. 

NECESSARY  AS  A  GENERALRULE. 

I.ODO 

POROSITY  OF  THE  SECTION.  FOR  OPEN  TUBE,  USE  POROSITY  =  I . 

FOR  OTHER  TYPES  OF  SECTIONS,  POROSITY  <=1. 

I.DO 

END  OF  SECTION  1.  . . ♦...**.*..***♦***♦♦♦♦♦.**♦****♦**♦*♦♦. 

•*♦*••*•  DEFINITION  OF  SECTION  2  *••*•••*•*••♦*♦*•**»****•****•*♦•♦*•• 


SnCTlON  l  YPE,  ONEOFOPENTl),  IIEXCH.OR  STACK. 

HEXCII 

fTEMEN'ITYPE.  HAS  MEANING  ONl.Y  FOR  HEXCII  OR  STACK  SECI  ION  TYPES. 

ONE  OF  RECT,  CYL,  OR  SUT.  DEFINING  THE  TYPE  OF  PORE.S. 

SLIT 

NUMBER  OF  LAYERSTHIS  SECTION  IS  BROKEN  UP  INTO. 

1<=  NUMLAY  <=  100  PRACTICALLY. 

1 

LENGTHOFTHESECnON. 

METERS. 

I.814D-2 

TEMPERATURE  OFTHERCH  END  OFTHE  SECTION.  FOR  AN  ISOTHERMAL  SECTION 
SUCH  AS  OPEN  TUBE  OR  HEAT  EXCHANGERS.  USE  TRGH  =TLEFT.  KELVIN. 

293. 

TEMPERATURE  ATTHE  LEFT  END  OFTHE  SECTION. 

SEE  NOTE  ABOVE.  KELVIN. 

293. 

RATIO  OF  2  PORE  AREA  TO  PORE  PERIMETER  (M).  FOR;  CYD=RADIUS.  SUT= 

WIDTH,  RECT=2SW  A/(I+A)  A>I=SIDES  ASPECT  RATIO,  SW=SHORTEST  SEMIWIDTH. 
I.I18D-3 

ASPECT  RATIO  OFTHE  PORE.  VALID  FOR  RECTANGULAR  PORES  ONLY. 

NECESSARY  AS  A  GENERAL  RULE.  ASPECT  RATIO  =>  I  ALWAYS. 

I.ODO 

POROSITY  OF  THE  SECTION.  FOR  OPEN  TUBE.  USE  POROSITY  =  1 . 

FOR  OTHER  TYPES  OF  SECTIONS.  POROSITY  <=L 
.6400 

END  OF  SECTION  2.  *••♦•*««♦**♦*••*•**»•***••***•*•*****••••****»*♦***♦♦♦ 
*«•*««**  DEFINITION  OF  SECTION  3  **♦*•♦*••♦♦♦•**♦*****♦♦*♦***•******** 

SECTION  TYPE.  ONE  OFOPENTU,  HEXCH.  OR  STACK. 

STACK 

ELEMENT  TYPE.  HAS  MEANING  ONLY  FOR  HEXCH  OR  STACK  SECTION  TYPES. 

ONE  OF  RECT,  CYL,  OR  SLIT,  DEFINING  THE  TYPE  OF  PORES. 

RECT 

NUMBER  OF  LAYERS  THIS  SECTION  IS  BROKEN  UP  INTO. 

1<=  NUMLAY  <=  100  PRACTICALLY.  (WAS  20  AT  ONETIME) 

25 

LENGTHOFTHESECnON. 

METERS. 

5.08D-2 

TEMPERATURE  OFTHE  RGH  END  OFTHE  SECTION.  FOR  AN  ISOTHERMAL  SECTION 
SUCH  AS  OPEN  TUBE  OR  HEAT  EXCHANGERS,  USE  TRGH =TLEFT.  KELVIN. 

293. 

TEMPERATURE  ATTHE  LEFT  END  OFTHE  SECTION. 

SEE  NOTE  ABOVE.  KELVIN. 

293. 

RATIO  OF  2  PORE  AREA  TO  PORE  PERIMETER  (M).  FOR:  CYL=RADIUS,  SLrr= 

WIDTH,  RECT=2SW  A/(l+A)  A>1=SIDES  ASPECT  RATIO.  SW=SHORTEST  SEMIWIDTH. 
.77D-3 

ASPECT  RATIO  OFTHE  PORE.  VALID  FOR  RECTANGULAR  PORES  ONLY. 

NECESSARY  AS  A  GENERAL  RULE.  ASPECT  RATIO  =>  1  ALWAYS. 

I.ODO 

POROSITY  OF  THE  SECTION.  FOR  OPEN  TUBE,  USE  POROSITY  =  I . 

FOR  OTHER  TYPES  OF  SECTIONS,  POROSITY  <=  I . 

.69D0 

END  OF  SECTION  3.  . . . 

•  **»**♦*  DEFINITION  OF  SECTION  4  ************************************* 

SECTION  TYPE.  ONE  OF  OPENTU,  HEXCH,  OR  STACK. 

HEXCH 


UI.CMl-NT  TYPE.  HAS  M  EANING  ONLY  FOR  HEXCM  OR  S  TACK  SEC'I  ION  TYPES. 

ONE  OF  RECr.  CYL,  OR  SLI  T,  DEFINING  THE  TYPE  OF  PORES. 

SLTT 

NUMBER  OF  LAYERS  THIS  SECTION  IS  BROKEN  UP  INTO. 

I<=  NUMLAY  <=  100  PRACTICALLY. 

1 

LENGTH  OFTHESECTION. 

METERS. 

L638D-2 

TEMPERATURE  OFTHE  RGH  END  OFTHESECTION.  FOR  AN  ISOTHERMALSECTION 
SUCH  AS  OPEN  TUBE  OR  HEAT  EXCHANGERS.  USETRGH  =  TLEFT.  KELVIN. 

293. 

TEMPERATUREATTHELEFTENDOFTHESECTION. 

SEE  NOTE  ABOVE.  KELVIN. 

293. 

RATIO  OF  2  PORE  AREA  TO  PORE  PERIMETER  (M).  FOR:  CYURADIUS,  SLIT= 

WIDTH,  RECT=2SW  A/(l+A)  A>I=SIDES  ASPECT  RATIO.  SW=SHORTEST  SEMIWIDTH. 

LII8D-3 

ASPECT  RATIO  OFTHE  PORE.  VALID  FOR  RECTANGULAR  PORES  ONLY. 

NECESSARY  AS  A  GENERAL  RULE.  ASPECT  RATIO  =>  1  ALWAYS. 
l.ODO 

POROSITY  OF  THE  SECTION.  FOR  OPEN  TUBE,  USE  POROSITY  =  1 . 

FOR  OTHER  TYPES  OF  SECTIONS,  POROSITY  <=1. 

.640D0 

END  OF  SECTION  4.  ♦♦*»»♦••**•»•»*****•♦***♦**»♦*♦♦*♦•♦»*»»*♦*♦♦**»♦*♦♦»♦ 

**«**««*  definition  of  section  5  **♦•*••**♦♦*••*•****♦*♦*•*•»*****♦•*♦ 

SECTION  TYPE.  ONE  OF  OPENTU,  HEXCH.  OR  STACK. 

OPENTU 

ELEMENT  TYPE.  HAS  MEANING  ONLY  FOR  HEXCH  OR  STACK  SECTION  TYPES. 

ONE  OF  RECT,  CYL,  OR  SUT,  DEFINING  THE  TYPE  OF  PORES. 

SLTT 

NUMBER  OF  LAYERS  THIS  SECTION  IS  BROKEN  UP  INTO. 

1<=  NUMLAY  <=  100  PRACTICALLY. 

1 

LENGTHOFTHESECnON. 

METERS. 

1.29 

TEMPERATURE  OFTHE  RGH  END  OFTHE  SECTION.  FOR  AN  ISOTHERMAL  SECTION 
SUCH  AS  OPEN  TUBEOR  HEAT  EXCHANGERS.  USETRGH=TLEFT.  KELVIN. 

293. 

TEMPERATURE  ATTHE  LEFTENDOFTHESECnON. 

SEE  NOTE  ABOVE.  KELVIN. 

293. 

RATIO  OF  2  PORE  AREA  TO  PORE  PERIMETER  (M).  FOR:  CYL=RADIUS,  SUT= 

WIDTH,  RECT=2SW  A/(l+A)  A>1=SIDES  ASPECT  RATIO,  SW=SHORTEST  SEMIWIDTH. 

4.261  D-2 

ASPECT  RATIO  OFTHE  PORE.  VALID  FOR  RECTANGULAR  PORES  ONLY. 

NECESSARY  AS  A  GENERAL  RULE.  ASPECT  RATIO  =>  1  ALWAYS. 
l.ODO 

POROSITY  OF  THE  SECTION.  FOR  OPEN  TUBE.  USE  POROSITY  =  1 . 

FOR  OTHER  TYPES  OF  SECTIONS,  POROSITY  <=1. 

.995D0 

END  OF  SECTION  5.  **♦****♦••♦*♦♦♦•*•♦**•**♦«♦****♦♦*♦***..***♦**.*♦♦♦*♦♦ 

FORTRAN  CODE  FOR  THE  UM  TAE. 

The  main  program  is  the  only  part  of  this  program  that  is  specific  to  the  UM  TAE. 

•♦SUBROimNE  SETVAL  ♦  GET  THE  INPUT  PARAMETERS  FROM  AN  EXTERNAL  FILE** 


SUBROUTINE  SETVAL 


♦  VARIABULS  WHICH  DEFINE  THF/rAE. 

CHARACrER*70  SECTYP(  100).ErYPE(10()).TERMIN 
INTEGER  NUMLAY(IO()).NUMSEC,NUMFRE 
R  EA  L*  S  DELEM(  I  (X)),I  RGH(  1 00).TLEFr(  100).R ATIO(l  00) 
♦.ASPECr(100).POROS(100). 

*THCOND(IOO).HECAP(lOO).PAMB,FREMIN,FREMAX.DDRIVE 
INTEGER  J 

CHARACTER  DUMMY 
COMMON  /VARSI/  SECTYP.ETYPE.TERMIN 
COMMON  /VARS’2/  NUMLAY.NUMSEC.NUMFRE 
COMMON  /VARS3/  DELEM.TRGH.TLEFT.RATIO, 

♦  aspect.poros.thcond,hecap.pamb.fremin.fremax,ddrive 

1  FORMAT  (Al) 

2  FORMAT  (A70) 

REWIND  2 

READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 

READ  (2.*)  FREMIN.fr  EMAX,NUMFRE 
READ  (2.1)  DUMMY 
READ  (2,1)  DUMMY 
READ  (2.2)  TERMIN 
CALLN0PAD(TERM1N) 

READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 

READ  (2.*)  PAMB,DDRIVE 
READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 

READ(2.«)  NUMSEC 

DOlOJ=NUMSEC.1,-l 
READ  (2.1)  DUMMY 
READ  (2,1)  DUMMY 

READ  (2,2)  SECTYP(J) 

CALL  NOPAD(SECTYP(J)) 

READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 

READ  (2,2)  ETYPE(J) 

CALL  NOPAD(ETYPE(J)) 

READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 

READ  (2,*)  NUMLAY(J) 

READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 

READ(2,*)DELEM(J) 

READ  (2,1)  DUMMY 
READ  (2.1)  DUMMY 
READ(2,*)TRGH(;) 

READ  (Zl)  DUMMY 
READ  (2,1)  DUMMY 
READ(2,*)TLEFT(J) 

READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 

READ  (2.*)  RATIO(J) 

READ  (2,1)  DUMMY 
READ  (2,1)  DUMMY 

READ  (2,*)  ASPECT(J) 

READ  (2,1)  DUMMY 
READ  (2.1)  DUMMY 

READ  (2,*)  POROS(J) 

READ  (2,1)  DUMMY 
THCOND(J)-O.DO 
10  HECAP(J)-0.0D0 
REWIND  2 
RETURN 


END 


*  SUnROiniNE  NOPAD*  GETS  RID  OF  BLANKS  IN  NAMES  •***•♦♦•♦ 

SUBROUTINE  NOPAD(NAME) 

CHARACrER*70OLD,NEW,NAME 
CHARACTER*  1  0(70),N(70) 

IN  TEGER  U 

equivalence  (0LD.0(1)) 

EQUIVALENCE  (NEW,N(I )) 

OLD=NAME 

NEW=‘ 

♦  • 

J=0 

DO  101.1,70 
N(I)=” 

IF  (0(1)  .NE;  •)  THEN 

J=J+1 

N(J)=0(I) 

END  IF 

10  CONTINUE 
NAME=NEW 
RETURN 
END 

*****•«*••*«*••••*•••*•**«*«*«**•«•**•***•«****•********•*•*********** 

*  SUBROUTINE  WFLOW  *  COMPUTE  THE  WORK  FLOW  ATZ  ***♦**♦♦*• 
**»•***•*«*•*****«*••*******•«*••••*«.*******•***. ******************** 

SUBROUTINE  WFLOW(P12,W2) 

REAL*8  W2 
COMPLEX*  16  PIJZ 

W2.CDABS(P1)**2  *  DIMAG((0.D0.LD0)/2)  /  2.D0 
RETURN 
END 

«*****•*««****«*«**«•*«*******«****«•********•***************#******** 

*  SUBROUTINE  QFLOW*COMPUTETHE  HEAT  FLOW  ATZ.  ••****••** 

*  I  HAVE  ASSUMEDTHECOEFRCIENTOFTHERMALEXPANSIONBFrA=l/TEMP.  ** 

SUBROUTINE  QFLOW(POROS.Pl  ,Z.FLAM.FLAMT.W.DENS,TOZJCGAS,KSOUD,Q2) 

REAL’S  POROS.DENS.TOZ.KGAS,KSOUD.Q2.NPR.CP.GAMMA 

COMPLEX*  16  PIZ-FLAM.FLAMT.W 

COMMON  /PHYCON/  GAMMA, NPR, CP 

Q2.POROS*CDABS(P1)*CDABS(P1)/2.DO 

Q2-Q2*DIMAG((O.DO.LDO)*(DCONJG(FL\MT)/fUAM-l.DO)/ 

*  (POROS*Z*(LDO+NPR))- 

*  TOZ  *  DENS  *  CP*(FLAM*NPR  +DCONJG(FLANfr) )  / 

*  (POROS**2  *  W*(CDABS(FLAM*Z))**2*(LD0-NPR**2)))- 

*  TOZ*(POROS*KGAS  +  (1.DO-POROS)*KSOLID) 

RETURN 

END 

*************************** ******************************* 

*  SUBROUTINE  DERIVS  *  COMPUTE  THE  DERIVATIVES  DZDZ  AND  DP/DZ  FOR 

*  THE  RUNGE-KUTTA  WORK. 


SUBROUTINE  DERIVS(ZErAZINT>^LPRIM,PZ.DPDZ,DZDZ) 
COMPLEX*  16  ZETA,ZINT,ALPRIM,P,Z,DPDZ,DZDZ,I.FAC,FAC2 
I  =  (0.D0,1.D0) 

FAC.Z/ZIMT 

FAC-(1.D0-FAC*FAC) 

FAC2  =  I  *  ZETA  *  ZINT 

DZDZ  .  FAC2  *  FAC  +  2.D0  *  ALPRIM  *  Z 

*  FAC  =  I  *  ZCTA  *  (ZINT  -  Z*Z/ZINT) 

*  DZDZ  .  FAC  +  2.D0  *  ALPRIM  *  Z 
DPDZ.FAC2*P/Z 

RETURN 


END 


♦  SUB  STAKI’M  •  GET  niE  MANY  rARAMDI  ERS  WHICH  ARETEMrERA  ITJRE  DEPENDENT 
‘  IN  THE  STAK.  USED  FOR  RUNGE  KUTI  A  INTEGRATION. 

•  n  IE  CTACK  IS  ASSUMED  IX)  HAVE  POROUS  WALLS. 


SUBROUTINE  .STAKPM(ETYPE.W,POROUS.PAMB.T.TOZ.DENS.RA'nO,ASPECr, 
*  FLAM,FLAMT2ETA.ALPRIM;aNT) 

CHARACTER*70  FEYPE 

REAL*8  POROUS.PAMB,T.TOZ.DENS,RATIO.ASPECT 

COMPLEX*  16  FLAM.FLAMT2ETA.ALPRIMZ1NT.W.LAMBDA.LAMBDT 

*  POROUS  WALL  VARIABLES. 

REAL’S  PORTOT.PORWAL,DWALL,WFACT 
COMPLEX*  16  XI 

*  SUPPORTING  ROLE  VARIABLES. 

REAL’S  SSPEED.VISC.CP,NPR.GAMMA 
COMMON  /PHYCON/  GAMMA, NPR.CP 

*  SFP  THE  POROUS  WALL  CONSPANTS  FOR  THE  200  CELL  CERAMIC. 

*  TO  TURN  OFF  THE  POROUS  WALL  CALCULATION  JUST  LET  XI=1.D0  BELOW. 

PORWAL  =  0.49D0 
DWALL  =  lOO.D-6 

PORTOT  =  POROUS*(I.DO  +  2.DO*PORWAL*DWALl7RATIO) 

WFACT  -  GAMMA*(PORTar-POROUS)/(2.DO*POROUS) 

*  BEGIN 

CALLVDCHE(T.PAMB.V1SC.DENS.SSPEED,KGAS) 

CALL  GFrLAM(DENS,VISC.W.RAT10.LAMBDA) 

LAMBDT  =  DSQRT(NPR)  *  LAMBDA 
IF  (FrYPE.EQ.’RECr)  THEN 
CALL  FRECT(ASPECT.LAMBDA.FLAM) 

CALL  FRECT(ASPECr,LAMBDTJTJVMT) 

ELSE  IF  (ETYPE.EQ.’CYL')  THEN 
CALL  FCYL(LAMBDA.FLAM) 

CALL  FCYL(UMBDT,FLAMD 
ELSE  IF  (FrYPE.EQ.'SUT)  THEN 
CALL  FSLrr(LAMBDA.FLAM) 

CALL  FSLrr(LAMBDT.FLAMT) 

ELSE 
STOP 
END  IF 

CALL  WNHEX(FLAMT,FLAM,W,SSPEED7FrA) 

ZINT  =  DENS’W  /  (POROUS  *  FLAM  *  ZETA) 

XI  =  GAMMA  -  (GAMMA-1. D0)*FLAMT 
XI  =  1. DO  +  WFACT /XI 
ZETA=ZFrA*XI 
ZINT  =  ZINT/XI 

ALPRIM  =  TOZ  *  (FLAMT  /  FLAM  -  l.DO)  /  (2D0  •  T  *  (l.DO  -  NPR)) 

RETURN 

END 


*  SUBROUTINE  ZFTRAN  *  DO  THE  IMPEDANCE  TRANSLATION  THEOREM  **** 

*  *  DO  ALSOTHE  PRESSURE  TRANSLATION  THEOREM  ••** 

*  THIS  VERSION  IS  FOR  THE  HEAT  EXCHANGERS  AND  OPEN  TUBE  SECTIONS. 

SUBROUTINE  ZPTRAN(Z1NT.SN,CSZZMD.P1,P1MD) 
COMPLEX*16Z2MD.ZINT.SN.CS,CT,Pl,PlMD,FAC 

cr-cs/sN 

FAC  =  Z1NT/Z 

ZMD  =  ZINF  *  ( CT  -  (0.D0,1.D0)*FAC )  / 

*(FAC*CT-(0.D0.1.D0)) 

PIMD  =  PI  *  ( CS  -  (O.DO.LDO)  *  FAC  *  SN ) 

RETURN 

END 


*  SUBROUTINE  ZRICID  **  IMPEDANCE  OF  A  RIGIDTERMINATION. 


SI  IIJROUTINE  ZR1GID(DENS..SSI'EED.VISC.W.Z) 

RI-.AL*K  nENS.SSPEED.VISC.NPR.GAMMA.CT 

COMPLEXM6Z.W.FAC 

COMMON  /PHYCON/  GAMMA.NPR.CP 

FAC  =  CDSQRT(  DENS*SSPEED**2/  fW«VISC) ) 

Z  =  (l.D0.1.D0)*DENS*SSPEED*FAC*DSQRT(NPR)/(DSQRT(2.D0)*(GAMMA  - 
♦  l.ODO)) 

REniRN 

ENU 


♦  SUBROUIINE  WNTUBE  *•  WAVENUMBERS  FOR  WAVES  IN  THE  OPEN  TUBE  PARTS. 


SUBROUTINE  WNTUBE(LAMBDA .  W ,  SSPEED .  K) 
REAL*8SSPEED.GAMMA.NPR.LAMBDA.FAC1.CP 
COMPLEX*  16  K,W 

COMMON  /PHYCON/  GAMMA.NPR.CP 

FACl  =(  l.DO  +  (GAMMA-  1.D0)/DS0RT(NPR))/  DSQRTdDO) 

K  =  W/SSPEED*(  l.D0  +  (l.D0.  1. DO)  ♦  FACl  / LAMBDA  ) 

RETURN 

END 

t********************************************************************* 

*  SUBROUTINE  FTUBE  *  COMPUTES  F(LAMBDA)  FOR  THE  RESONANT  TUBE. 


SUBROUTINE  FTUBE(LAMBD/LFLAM) 

COMPLEX*16  LAMBDA.FLAM 

FLAM  =  LDO-(LDO.l.DO)  *  DSQRT(2.0D0) /  LAMBDA 

RETURN 

END 


*  SUBROUTINE  WNHEX  *•  WAVENUMBERS  FOR  WAVES  IN  THE  HEAT  EXCHANGERS. 

SUBROUTINE  WNHEX(FLAMT ,  FLAM .  W .  SSPEED .  K) 

REAL*8  SSPEED, GAMMA.NPR.CP 
COMPLEX*  16  FLAMT.FLAM.K,W 
COMMON  /PHYCON/  GAMMA.NPR,CP 

K  -  W/SSPEED  *  CDSQRT(  (GAMMA  -  (GAMMA  - 1  X)0)*FLA\Tr)/  FLAM  ) 

RETURN 

END 

*  SUBROUTINE  VDCHE  **  VISCOSITY,  DENSITY,  AND  SOUND  SPEED  OF  HEUUM 

*  AS  A  FUNCTION  OF  TEMPERATURE  AND  AMBIENT  PRESSURE  ALSO  THE  THERMAL 

*  CONDUCTIVITY. 


SUBROUTINE  VDCHE(TABS ,  PAMB ,  VISC ,  DENS ,  SSPEED,KCAS) 
REAL*8TABS,PAMB,VISC,DENS,SSPEED,GAMMA,NPR,CP,KGAS 
COMMON  /PHYCON/  GAMMA,NPR,CP 
DENS  -  PAMB  *  4.0D-3  /  ( TABS  *  8.3143D0 ) 

*  MY  EXPRESSION  FOR  VISCOSITY. 

VISC  -  1.887D-5  *  (TABS  /  273.15D0)**0.6567D0 

*  MY  EXPRESSION  FOR  THERMAL  CONDUCTIVITY:  NPR  -  CONSTANT. 

KGAS  =  Vise  *  CP  /  NPR 

*  SWIFTS  EXPRESSION  FOR  VISCOSITY. 

*  VISC  -  5.131D-7  *  TABS**.6441IX) 

*  SWIFTS  EXPRESSION  FOR  THERMAL  CONDUCTl VTIT.  NPR  NOT  CONSTANT. 

*  KGAS  -  0.0044  *  TABS**.6441D0 

*  NPR- Vise*  CP /KGAS 

SSPEED  =  972.8D0  *  DSQRT(TABS  /  273.15D0) 

RETURN 

END 


*  SUBROUTINE  FSUT  ***  COMPUTES  F(LAMBDA)  FOR  PARALLEL  SLITS. 


SUBROUTINE  FSLIT(LAMBDA ,  FLAM) 


COMPLEX*  16  LAMUDA.FLAM.SQRMI,ARGUM.CrANII,AR 
■SQRMl  =  (I.OnO  ,  -l.ODO)  /  DSQR  rC  2.0D0  ) 

AR  =  SQRMI*I.AMBDA 
ARGUM  =  CDEXP(-AR) 

AR  =  AR/2.DO 

CrANH=.(  I. DO -ARGUM  )/(  I.DO+ ARGUM) 

FLAM  =  I  ODO  -  CTANH  /  AR 

RETURN 

END 


•  SUBROUTINE  FCYL  ****  COMPUTES  F(LAMBDA)  FOR  CYLINDRICAL  PORES. 


SUBROUTINE  FCYL(LAMBDA ,  FLAM) 

COMPLEX*  16  FUVM,SQRI,CBS(2).J0J1.ARGUM,LAMBDA 

INTEGER  N 

N=2 

SQRl  =  (l.ODO  .  l.ODO)  /  DSQRT(  2.0D0 ) 

ARGUM  -  SQRI  *  LAMBDA 
CALL  DCBJNS(  ARGUM ,  N .  CBS ) 

JO.CBS(l) 

J1  =CBS(2) 

FLAM  =  l.ODO  -  (  2.0D0  *  J1 )  /  (  ARGUM  *  JO ) 

RETURN 

END 


*  SUBROUTINE  FRECT  ••**  COMPUTES  F(LAMBDA)  FOR  RECTANGULAR  PORES. 

*  OPTIMIZED  BY  RANDY  ZAGAR.  21  NOVEMBER  1991. 

********************************** ************************************ 

SUBROUTINE  FRECT(ASPECr.  LAMBDA.  FLAM) 

REAL*8  PISQ.  ASPECT,  ASPSQ 

REAL*8  XN,  XM.  FAC.  TMN,  TNM.  TMM 

REAL*8  TTERM,  SSUM 

INTEGER  M.N.SUMMAX 

COMPLEX*  16  SUM.  FLAM.  YMN.  YNM.  YMM 

COMPLEX*  16  FACl,  LAMBDA,  TERM 

DATA  PISQ/9.869604404D0/ 

DATA  FAO6.57022864D-1/ 

C 

FACl  -  PISQ/ (LAMBDA *(1.D0  +  ASPECT))**2 
FACIR  -  DREAUFACl) 

FACl  I  =  DIMAG<FAC1) 

C 

ASPSQ  =  ASPECT  *  ASPECT 
SUMMAX  =  5l 
SUM  =(0.D0,0.D0) 

C 

DO  30  M  -  1,  SUMMAX,  2 
XM-DFLOAT(M) 

XM  =  XM*XM 
C 

TMM  »  XM  •  (ASPSQ  +  l.DO) 

YMM  =.  DCMPLXd.DO  -  FACII  *  TMM,  FACIR  *  TMM) 

SUM  -  SUM  +  1  .DO  /  (YMM  *  XM  *  XM) 

C 

DO  40  N  -  M+2,  SUMMAX.  2 
XN-DFLOAT(N) 

XN-XN*XN 

C 

TMN- (ASPSQ  *XM  +  XN) 

YMN  -  DCMPLX(1.0D0 -  FACII  ♦  TMN.  FACIR  ♦  TMN) 

C 

TNM  -  (ASPSQ  *  XN  +  XM) 

YNM  -  DCMPLXd  .ODO  -  FACl  I  •  TNM.  FACIR  •  TNM) 


TRRM  =(I.D()/YMN+  1 DO/YNM)/ (XM  *  XN) 

Tl  tRM  =TERM  *  DCX)NJG(TERM) 

SSUM  =  SUM  *  DCONJG(SUM) 

C 

*  CUARAWPEED  ACCURACY  FOR  IHE  SUM  TO  EXPONENT/2.  E  G.  SUM  =  SUM  +  ERROR 

*  WHERE  l.D-EXI'ONENT/2  =  ERROR/SUM.  COM  PARES  ON  THIS  LEVEL  OF  ACCURACY 

*  wnn  FREcro. 

IF  (TTERM  .LT.  (SSUM*  I.OD-10))  GOrO  30 

C 

SUM  =  SUM  +  TERM 
40  CONTINUE 
30  CONTINUE 

FLAM  =  SUM  *  FAC 

RETURN 

END 


*  SUBROUTINE  FRECTO  *♦**  COMPUTES  F(LAMBDA)  FOR  RECTANGULAR  PORES. 

♦  OLD  SLOWER  VERSION. 


SUBROUTINE  FRECTOI ASPECT ,  LAMBDA .  FLAM) 
REAL‘8  PI.ASPECr.ASPSQ 
REAL*8  F^N.XM.FAC 
INTEGER  M.N.SUMMAX 
COMPLEX*  16  SUM.FLAM.YMN.LAMBDA.FAC1 
*  SUMMAX  MUST  BE  AN  ODD  NUMBER!!!!!!!!!!!'.!!!!!!. 

PI  =  4.0D0  •  DATAN(I.ODO) 

FACl  =  PI  •  PI /(  LAMBDA  *(  l.ODO  +  ASPECT)  )**2 

FAC  =  64.0D0/PI**4 

ASPSQ  *  ASPECT  *  ASPECT 

SUMMAX  =  51 

SUM  -  (O.ODO .  O.ODO) 

D0  30M»SUMMAX.1.-2 
XM  *  DFLOAT(M) 

XM  =  XM*XM 
D040N=SUMMAX,1.-2 
XN  =  DFIX)AT(N) 

XN  =  XN*XN 

YMN  =  l.DO  +  (O.DO.l .DO)  *  FACl  *  (  ASPSQ  •  XM  +  XN  ) 
40  SUM  -  SUM  +  l.ODO/ (  XM*XN*  YMN) 

30  CONTINUE 

FLAM  =  SUM  *  FAC 

RETURN 

END 


*  SUBROUTINE  QUAFAC  (COMPUTES  THE  QUALITY  FACTXm  AND  RESONANT  FREQU. 
SUBROUTINE  QUAFAC(AMP.FREQ,QJIESFRE) 

REAL’S  Q.RESFRE.AMP(2000).FREQ(2000),MAXAMP.FREHAF,AMPHAF 
REAL’S  AMP2(2000).FREQ2(2000)^C(3).BL(3),BU(3).XSCALE(3) 

REAL’S  XGUESS(3).FVALUE,FSCALE(3)JIPARAM(7) 

INTEGER  JJRES4HALF,NUMDATJC0UNT,N.ISTART.IBTYPEJPARAM{7) 
COMMON  /QCALO  AMP2,FREQ2JIUMDAT 
EXTERNAL  FUNCTl 
N.3 

IPARAM(I)-0 
IBTYPE=0 
ISrART=0 
MAXAMP  =  0.D0 
JCOUNT-O 
DO  lOJ.UOOO 

IF  {AMP(J)  .GT.  MAXAMP)  THEN 
MAXAMP.AMP(J) 

RESFRE  -  FREQ(J) 

JRES.J 


KNDIF 

10  CONTINUE 

AMPHAF=MAX/'MP/DSQRT(2.D0) 

DO  20  J= 1.2000 

IF  (AMP(J)  GT.  AMPHAF)  THEN 
FREIIAF  -  (FREO(J)tFREO(J-l))/2.D0 
0  =  0.5D0  *  RESFRE  /  (RESFRE  -  FREHAF) 

JHALF«J 

caro30 

END  IF 

20  CONTINUE 

30  DO40J-JHALF-URES  +  (JRES-JHALF)+ I 
JCOUNT-JCOUNT+  1 
AMP2(JCOUNT)  =  AMP(J) 

40  FREQ2(JCOUNT)  =  FRECXJ) 

NUMDAT-JCOUNT 
XGUESS(l)  =  MAXAMP 
XGUESS(2)  =  RESFRE 
XGUESS(3)  =  Q 
DO50J=I.3 
XSCALE(J)=1.D0 
FSCALE(J)-1.D0 
BUJ)  .  XGUESS{J)  »  .5D0 
50  BU(J)  -  XGUESS(J)  *  2.D0 

CALL  DBCONF(FUNCTl.  N .  XGUESS .  IBTYPE .  BL .  BU . 

*  XSCALE.FSCALE.IPARAM.RPARAM.XC.FVALUE) 
MAXAMP  =  XC(1) 

RESFRE  =  XC(2) 

Q  -  XC(3) 

RETURN 

END 


SUBROUTINE  FUNCTl  FOR  IMSL  OPTIMIZATION 


SUBROUTINE  FUNCT1(N .  XC .  RMSERR) 

REAL’S  AMP(2000).FREQ(2000)JCC(3).RMSERR.MAXSQ,FO,Q,F 
INTEGER  NUMDATJ 
COMMON  /QCALC/  AMPJREQ.NUMDAT 
MAXSQ-XC(1)*XC(1) 

FO  =  XC(2) 

Q  =  XC(3) 

RMSERR  .  0.00 
DO  10J=.1.NUMDAT 
F-FREQ(J) 

RMSERR  -  ( M AXSQ  /  (l.DO  +  (2.D0*Q*(F-F0)/F0)**2 ) 

*  -  AMP(J)*AMP(J))**2  +  RMSERR 

10  CONTINUE 
RETURN 
END 


SUBROUTINE  GETLAM  ••»•*•♦•♦•****•*♦***• 

. . .  LAMBDA  **•♦**.♦*.♦♦♦♦**.**********♦*♦♦*♦ 

SUBROUTINE  GETLAM(DENS .  VISC ,  W .  R .  LAMBDA) 

REAL’S  DENS,VISC.R 

COMPLEX’ 16  LAMBDA.W 

LAMBDA  -  R  ’  CDSQRT(  DENS  ’  W  /  VISC ) 

RETURN 

END 


♦  VERSION  3.0  FOR  HELIUM  BY  PAT  ARNOTT,  16  FEB  91 

♦  THIS  VERSION  USES  RUNGE  KUTTA  SOLUTION  FOR  THE  DE  INSIDE  OF  THE  STAR. 
’  TRANSLATION  THEOREMS  ARE  USED  IN  OPEN  TUBE  AND  HEAT  EXCHANGERS. 

♦  WTHE  RADIAN  FREQUENCY  IS  ASSUMED  COMPLEX  EVERYWHERE 


Stl»R()LrriNtTAE(FMIN.I'MAX.NFRE0J«E5n') 

C’()M(>l.i:X»l6W.LAMBnA.LAMnDr.FOFW.FPLUS.SQRI,KA 

*  GENERIC  VARIABLES  SUCH  AS  PHYSICAL  PROPERTIES  OF  IHE  GAS. 

REAL*8  SSPEED,VISC,CP.NPR.GAMMA.KGAS.KSOLID.ARE.S 

*  Z  DEPENDENT  ARRAYS.... 

PARAMETER  (N=5000) 

REAL’S  DENS(N).TAVE(N),TOZ(N),POROUS(N).DSUB(N)2COOR(N).Q2(N), 

*  W2(N) 

COMPLEX*  16  ALPHA(N).K(N).COMDEN(N).FLAM(N).FLAMT(N);Z(N),Pl(N) 

LOGICAL  1NSTAK(N) 

*  VARIABLES  WHICH  DERNETHETAE. 

CHARACTER*70SECTYP(100).ETYPE(100).TERMIN 
INTEGER  NUMLAY(100).NUMSEC.NUMFRE,PLOrN 
REAL’S  DELEM(100),TRGH(100).TLEFT(100),RATIO(100).FRENEW 
’.ASPECT!  100), POROS(IOO). 

’THCOND(100).HECAP(100).PAMB.FREMIN.FREMAX.DDRIVE,PAMBTM 

*  DEFINE  SOME  GLOBAL  VARIABLES. 

REAL’S  Pl.TWOPl.FMlN.FMAX 
INTEGER  NFREQ 

’  EXTRA  variables  NECESSARY  FOR  RUNGE  KUTTA  EVALUATION  OFTHE  PROBLEM. 
COMPLEX’  1 6  K 1  .K2.K3,K4.M  1  .M2.M3.M4.DPDZ,DZDZ.TFUN 
COMPLEX*  16  ZETA.ALPRIM,ZINT,AR.SN.CS 
REAL’S  TNS.TNSM1.FOEST,LEQU1V,RGAS.LSUM.OPL 
INTEGER  UJUPTLOW,NUMTCrr.NS 
COMMON  /PHYCON/  GAMMA.NPR.CP 
COMMON  A'ARSl/  SECTYP.ETYPE,TERMIN 
COMMON  /VARS2/  NUMLA  Y.NUMSEC.NUMFRE 
COMMON  /VARS3/  DELEM.TRGH.TLEFT.RATIO. 

’  ASPECT.POROS.THCOND.HECAP.PAMB.FREMIN.FREMAX,DDRlVE 
COMMON  /OUTPUT/  P12.Q2,W22C00R.1NSTAK 
’  ESTABUSH  SOME  OFTEN  USED  CONSTANTS. 

PI  =  4.D0  •  DATAN(LDO) 

TWOPl  =  2.D0  *  PI 
NPR-2.DO/3.DO 
GAMMA -5.DO/3.DO 
RGAS  .  8.3143D0  *  lOOO.ODO  /  4.00 
CP  -  2.5D0  •  8.3143D0  /  4.D-3 
KSOLID^0.16 

SQRI  =  (l.DO.l.DO)  /  DSQRT{2.D0) 

’  GET  DETAILS  OFTHE TAE 
CALLSETVAL 

/VRES  =  PI  *  RATIO(NUMSEC)”2 

’  ESllMATE  THE  RESONANT  FREQUENCY  FROM  THE  LENGTH  AND  SOUND  SPEED  DIST. 
LSUM-O.DO 
OPL-0.0 
DO  1  J=1.NUMSEC 
LEQUIV  .  DELEM(J)  *  POROS(;) 

’  LEQUIV  =  DELEM(J) 

LSUM  »  LSUM  +  LEQUIV 

SSPEED=DSQRT(GAMMA*RGAS*TLEFT(J))’(3.DO+TRGH(J)/TLEFT(J))/4.DO 
1  OPL  =  OPL  +  SSPEED*L£QUIV 
FOEST  =.  OPL  /  (2.D0  *  LSUM**2) 

*  COUNT  THE  NUMBER  OF  BINS  USED _ 

NUMTOT-O 
DO  lOJ.I.NUMSEC 
10  NUMTOT  =  NUMrrOT  + NUMLA Y(J) 

NUMTC)T=NUMTCIT+1 
FMIN  «  FREMIN 
FMAX-FREMAX 
NFREQ -NUMFRE 
RETURN 

’  AMBIENT  PRESSURE  VARIATION  IS  HARDWIRED  IN  HERE 
ENTRY  TAEl{W.FOFW,FPLUS.PAMBTM) 


PAMB  =  PAMB'IM 

‘  C.m'  n  IF.  SPECIFIC  ACOUS'HC  impedance  and  pressure  a  t  all  I’OIN’I  S. 

*  SI  AR  r  AT  IHE  RIGHT  AND  MOVE  TO THE  LEFI  . 

IF  f l  ERMIN  .EQ.  -RIGID)  I  I  lEN 

CALLVDCHEfrRGH(NUMSEC).PAMB.VISC.DENSfNUMTOfr).SSPEED.KGAS) 

CALLZRIGID(DENS(NUMTOI').SSPEED.VISC.WaNUMTOT)) 

EOSE  IF  (TERMIN  .EQ.  -FREE-)  ITIEN 

CALL  VDCHE(TRGH(NUMSEC), PAMB.  VISC.DENS(NUMTOrr).SSPEED,KCAS) 
CALLGErLAM(DENS(NUMTQm,VISC.W.RA'nO(NUMSEC).LAMBDA) 

CALL  WNTUBE(LAMBDA.W.SSPEED.K(NUMTOrr)) 

KA  -  K(NUMTOrr)  *  RATIO(NUMSEQ 

Z(NUMTOT) .  SSPEED*DENS(NUMTOT)*KA*(KA/4.DO-  {0.0D0.0.6D0)) 
ELSEIFCTERMIN  EQ.  •INnN')THEN 

CALL  VDCHE(TRGH(NUMSEC).PAMB.VISC,DENS(NUMTar).SSPEED,KGAS) 
CALLGETLAM(DENS(NUMTOrr).VISC.W.RATIO(NUMSEQ.LAMBDA) 

CALL  FTUBE(LAMBDA.FLAM(NUMTOT)) 

CALL  NTUBE(LAMBDA.W.SSPEED,K(NUMTOT)) 

Z(NUMTCrr)  =  DENS(NUMTCrn  *  W  /  (FLAM(NUMTOT)  *  K(NUMTCrr)) 

ELSE 
STOP 
END  IF 

PKNUMTCm  =  LDO 

*  APPLY  THE  IMPEDANCE  AND  PRESSURE  TRANSLATION  THEOREMS  EVERYWHERE. 

*  WORK  FROM  RIGHT  TO  LEFT. 

IX)401=NUMSEC.1,-1 
JUP  =  0 

D0  50J=I+1.NUMSEC 
50  JUP  =  JUP  +  NUMLAY(J) 

JUP=NUMTOT-JUP.  1 
JLOW  =  JUP  -  NUMLA  Y(0  +  I 
DSUB(JUP)  -  DELEMfl)  /  NUMLA Y(I) 

POROUS(JUP)  =  POROS(I) 

*  IMPEDANCE  TRANSLATE  FOR  THE  OPEN  TUBE  OR  HEAT  EXCHANGER  SECTIONS. 

IF  (SECTYP(I).EQ.OPENTU'  .OR.  SECTYP(O.EQ.HEXCH’)THEN 
CALLVDCHE(TRGH(I)J>AMB.VISC.DENS(JUP),SSPEED.KCAS) 
TAVE(JUP)=.TRGH(I) 

T0Z(JUP)  -  O.ODO 
ALPHA(JUP)  -  (O.DO.O.DO) 

CALL  GErLAM(DENS(JUP),VISC,W,RATIO(I).LAMBDA) 

LAMBDT  =  DSQRTINPR)  •  LAMBDA 
IF  (SECTYPa)EQ.OPENTUT  THEN 
CALL  FTUBE(LAMBDA,FLAM(JUP)) 

CALL  FTUBE(LAMBDT,FLAMT(JUP)) 

CALL  WNTUBE(LAMBDA.W.SSPEED.K(JUP)) 

*  CALLFCYL(LAMBDA.FLAM(JUP)) 

*  CALLFCYL(LAMBDT.FLAMT(JUP)) 

*  CALL  WNHEX(FLAMT(JUP),FLAM(JUP),W.SSPEED,K(JUP)) 

*  OTHERWISE,  THE  TUBE  SECTION  IS  A  HEAT  EXCHANGER.  FIND  ITS  GEOMETRY. 

ELSE  IF  (SECTYPa).EQ.'HEXCH')  THEN 

IF  (etypecdeq.'rect)  then 

CALL  FRECr(ASPECTa),LAMBDA,FLAM(JUP)) 

CALL  FRECT(ASPECT(0.LAMBDT,FLAMT(JUP)) 

ELSE  IF  (ETYPEa).EQ.'CYL’)  THEN 
CALL  FCYL(LAMBDAJTAM(JUP)) 

CALL  FCYL(LAMBDTJ=LAMT(JUP)) 

ELSE  IF  (ETYPECO.EQ.  SLIT)  THEN 
CALL  FSLrr(LAMBDA,FLAM(JUP)) 

CALL  FSUT(LAMBDT,FLAMT(JUP)) 

ELSE 

STOP 

*  AN  ERROR  ON  THE  INPUT  OF  ETYPE(D  HAS  OCCURED. 

END  IF 

CALLWNHEX(FLAMT(JUP).FIAM(JUP),W.SSPEED.K(JUP)) 

END  IF 


COMDEN(JUP)=DENS(JUP)/FLAM(JUP) 

ZIN  r  =  COMDEN(JUP)  *  W  /  (  K(JLIP)  ♦  P(JROU.S(JUP) ) 

AR  =  K(JUP)  ♦  DSUB(JUP) 

SN  =  CDSIN(AR) 

CS  =  CDCOS(AR) 

DO60J=JUP,JLOW.-l 

INSTAK(J)=.FALSE. 

DENS(J)-DENS(JUP) 

TAVE(J)=TAVE(JUP) 

T0Z(J)  =  T0Z(JUP) 

POROUS(J)=POROUS(JUP) 

ALPHA(J)  =  ALPHA(JUP) 

FLAM(J)  =  FLAM(JUP) 

FLAMTCJ)  =  FLAMT(JUP) 

K(J)  =  KfJUP) 

COMDEN(J)  =  COMDEN(JUP) 

DSUB(J)  =.  DSUB(JUP) 

CALL  ZPTR  AN(ZINT.SN,CS,Z(J + 1  );Z(J).P1  (J+ 1  ).P  1(J)) 

60  CONTINUE 

ELSE  IF  (SECTYPa).EQ.  STACK')  THEN 

♦  IMPEDANCE  TRANSLATE  FOR  THE  STACK  SECTIONS. 

T0Z(JUP)=(TRGH(I)  -  TLEFTd))  /  DELEM(I) 

NS-0 

DO70J=JUP.JLOW,-l 
INSTAK(J)=.TRUE 
NS  =  NS  +  1 

TNS  =  TRGH(0  -  (TRGH(I)  -  TLEFT(I))  *  DFIjOAT(NS) 

*  /  DFLOAT(NUMLAY(l)) 

TNSMl  .  TRGH(I)  -  (TRGHO)  -  TLEFr(0)  *  DFLOAT(NS-l) 

*  /  DFLOAT(NUMLAYfl)) 

TAVE(J)  =  (TNS  +  TNSM 1)  /  2.D0 
POROUS(J)  -  POROUS(JUP) 

DSUB(J)  =  DSUB(JUP) 

T0Z(J)  =  T0Z(]UP) 

*  START  THE  RUNGE-KUTTA 

CALL  STAKPM(ETYPE(I).W.POkOUS(J).PAMB.TNSM  LT0Z(J),DENS(J), 
2  RATI0(I),ASPECT(I),FLAM(J).FLAMT(J)^A.ALPR1MZINT) 
CALLDERIVS(ZETAZINT.ALPRIM.P1(J+1)Z(J+1).DPDZ.DZDZ) 

K1  =  -DSUB(J)*DPDZ 
Ml  =  -DSUB(J)*DZDZ 
Pl(J)  =  Pl(J+l)  +  Kl/2.D0 
Z(J)  =Z(J+1)  +  Ml/2.D0 

CALLSTAKPM(ETYPE(I).W.POROUS(J).PAMB,TAVE(J),TOZ(J),DENS(J), 

2  RATI0(I),ASPECT(I),FLAM(J).FL\MT(J)ZETA,ALPRIMZINT) 

CALLDER1VS(ZETAZINT.ALPRIMZ1(J)Z(J).DPDZ.DZDZ) 

K2«-DSUB(J)*DPDZ 

M2  =  -DSUB(J)*DZDZ 

P1(J)  -  Pl{J+l)  +  K2/2.D0 

Z(J)  =  Z(J+1)  +  M2/2.D0 

CALLDERIVS(ZErAZINT.ALPRIMJ'l(J)Z(J).DPDZ.DZDZ) 

K3  =  -DSUB(J)*DPDZ 
M3  =  -DSLIB(J)»DZDZ 
P1(J)  =  P1(J+1)  +  K3 
Z(J)  .Z(J+1)  +  M3 

CALLSTAICPM(ETYPE(I).W,POROUS(J).PAMB,TNS.TOZ(J),DENS(J). 

2  RATI0(I),ASPECT(I).FLAM(J),FLAMT(J)ZETA,ALPRIMZINT) 

CALL  DERIVS(ZErAZINT,ALPRIM.Pl(J)W).DPDZ.DZDZ) 

K4  .  -DSUB(J)»DPDZ 
M4  =  -DSUB(J)*DZDZ 

P1(J)  -  Pl(J+l)  +  (K1+2.D0*K2+2.D0*K3+K4)/6.D0 
Z(J)  =  Z(J+l)  +  (MI+2.D0*M2+2.D0*M3+M4)/6.D0 
COMDEN(J)»DENS(J)/FLAM(J) 

ALPHA(J)  -  ALPRIM 
70  CONTINUE 


IlSE 

♦  AN  ERROR  ON  INPUT  OF  SECI  YP  HAS  OCCURED. 

STOP 
END  IF 

40  CONDNUE 

•  n  IE  IMPEDANCE  IS  NOW  KNOWN  AT  ALLSPOI  S  IN  TIIETAE. 

*  GETTHE  ACOUSllC  PRESSURE,  ZCOOR,  WORK  AND  HEAT  I  LUXES. 

♦  ZCOOR(I).O.ODO 

IF  (TERMIN.EQ.'INFIN-)  THEN 
TFUN  =  1.D0/P1(I) 

ELSE 

TFUN  -  (0.D0,-1.D0)*W*Z(I)»DDRIVE/P1(I) 

END  IF  f  TERMIN.EQ.’INRN'  CONDITIONAL. 

P1(1)=TFUN*P1(I) 

*  CALLWFLOW(Pl(l),Z(l).W2(l)) 

DO80J=l.NUMTOT-I 
PUJ+1)=  P1(J+1)*TFUN 

*  ZCOOR(J+1)  =  ZCOOR(J)-^DSUB(J) 

*  CALL  WFLOW(Pl(J+l)2(J+l).W2(J+I)) 

»  CALL  QFLOW(POROUS(J).Pl(J).Z(J).FLAM(J).FLAMT(J),W, 

*  ♦  DENS(J).TOZ(J).KCAS.KSOLID.Q2(J)) 

80  CONTINUE 

*  J  =  NUMTOT-1 

♦  CALLQFLOW(POROUS(J),Pl(J+l),Z(J+l).FLAM(J),FLAMT(J),W. 

♦  *  DENS(J),TOZ(J).KGAS.KSOUD.Q2(NUMTOT)) 

*  D0  81  J=l.NUMTOT 

♦  02(J)  =  Q2(J)  *  ARES 
*81  W2(J)  =  W2(J)  •  ARES 

♦  THE  SIGN  OF  Z(l)  WAS  CHANGED  ON  8-12-91.  THE  IMPEDANCE  LOOKING  TO 

•  THE  RIGHT  HAS  TO  BE  EQUAL  TO  MINUS  THE  IMPEDANCE  LOOKING  TO  THE  LEFT 

♦  AND  THE  MINUS  SIGN  COMES  FROM  THE  DIRECTION  OF  PARTICLE  VELOCITY. 

FOFW  =  SQRI  *  CDSQRT(DENS(1)*‘3  *  SSPEED**4  •  NPR  /  (W*VISQ )/ 

*  (GAMMA- l.DO)  +  Z(l) 

FPLUS  =  FOFW-2.DO*Z(1) 

RETURN 

END 

t**t*00 **************************************************************** 

*  SUBROUTINE  CHANGE.  USED  TO  INSERT  A  NUMBER  INTO  A  LINE  OF  A 

*  SEQUENTIAL  FILE. 

*********************************************************************** 

SUBROUTINE  CHANGE(FNUM.LNUM.TO) 

INTEGER  FNUM,LNUMJ 
CHARACrER*80UNE 
1  FORMAT(A80) 

REAL*8TO 

OPEN(3,RLE-'SCRATCH') 

REWIND(3) 

REWIND(FNUM) 

DO  10  J= 1.5000 
READ(FNUM,LEND=20)  LINE 
IF(J.NE.LNUM)THEN 
WRITE(3.1)  UNE 
ELSE 

WRrrE(3.*)TO 
END  IF 

10  CONTINUE 
20  ENDRLE3 
REWIND(3) 

REWIND(FNUM) 

D0  30J=1,5000 
READ(3.1.END=40)  LINE 
30  WRITE(FNUM,1)  UNE 
40  ENDRLEFNUM 
REWIND(3) 


RHWINtXrNUM) 

RiriTJRN 

KND 


*  PRCXJRAM  :  EVALUA  I'ETAE  FOR  A  RANGE  OF  PARAMEPERS. 

*  VERSION  EXPLICITELY  FOR  THE  UMTAE. 

*  PAT  ARNOrr,  22  MARCH  I'Wl,  MOD  11-15-91. 

*  DEPERMINES  Tl  IE  CTABILFFY  CURVE  FOR  Tl  IE  FIRST  TWO  MODES  AS  A  RJNCT10N 

*  OF  THE  AMBIENT  PRESSURE.  INCLUDES  FINfFE  WALL  POROSITY  IN  THE  SPACK. 


PROGRAM  UMTAE2 

*  VARIABLES  USED  TO  GET  THE  Q. 

REAL*8  AMPLIT(20{)0),FREQU(2(X)0),OUAL,RESFRE,RESOLD.OOLD 
REAL’S  QOLD2,TOLD2,RSOLD2,TOLD 

*  VARIABLES  RETURNED  FROM  TAE. 

REAL’S  FREMIN.FREMAX.FOEST 
INTEGER  NUMFRE 

*  LOCAL  VARIABLES  TO  THE  MAINLINE . 

REAL’S  PAMB,PMIN.PMAX,TMIN 

REAL’S  TRGH,TONSET,PI.'PWOPI,TEST,TESTF,PNOLD,TNOLD2 
INTEGER  ITRGH.PLOTN.IFREQ.N'PIMES.NPAMBS.NPRESS.MODE 
COMPLEX’  16  W,WNEW,FOFW,DFOFW,FOFWPE,WPEW,EPSIL 
COMPLEX’16FPLUS,DUMB.WMEW,FOFWME,WCORR,WSTART 

*  DEHNE  THE  VARIABLE  FOR  THE  OUTPUT  COMMON  BLOCK. 

PARAMETER  (N=5000) 

REAL’S  Q2(N).W2(N):ZCOOR(N) 

COMPLEX’ 16  Z(N).PI(N) 

LOGICAL  INSTAK(N) 

COMMON  /OUTPUT/  PU.Q2.W2^00R.INSTAK 
’  PREUMINARIES. 

PI=4.D0’DATAN(1.D0) 

TWOPI  =  2.D0  «  PI 

*  SET  UP  THE  AMBIENT  PRESSURE  LOOP, . 

PMIN  «  2.00D5 
PM/VX  =  8.0D5 
PMIN  =  DSQRT(PM1N) 

PMAX  >  DSQRT(PMAX) 

NPAMBS=16 

*  SET  UP  THE  MODE  LOOP . 

D018M0DE=2,2 
1F(M0DE.EQ.2)THEN 
TMIN  =  603.D0 
ELSE 

TMIN  =  403.D0 
END  IF 

DO  17  NPRESS=I4,NPAMBS 

WCORR  -  (3151.633184D0,-67.8178943D0)/(3I52.921237DO.-66.734DO) 
PLOTN  =  0 
QUAL=30.D0 

PAMB  =  PMIN  +  (PMAX-PMIN)  ’  DFLOAT(NPRESS)  /  DFLOAT(NPAMBS) 
PiAMB  =  PAMB’PAMB 

*  HOP  ON  THE  TEMPERATURE  CALCULATIONS. . 

DO  10rrRGH=INT(TMIN),1593.20 

EPSIL=  I.D-8 

NTIMES=0 

TRGH  -  DFLOATOTRGH) 

CALL  CHANGE(2^8,TRGH) 

CALL  CHANGE(23 1  .TRGH) 

CALL  CHANGE(2.56.TRGH) 

CALL  CHANGE(2.59,TRGH) 

CALL  CHANGE(234.TRGH) 

PLOrPN  =  PLOrPN  +  1 

CALLTAE(FREMlN,FREMAX,NUMFRE,F0E5r) 

FOEST  =  FOEST’DFLOATIMODE) 


WRI  TE  (*,lll)rOEST 

1 1 1  EORMATC  RESONANT  FREQUENCY  ES-HMATE  J  ROM  Ol’L  •,P).3) 

*  IF(PlX)TN.NR.I)f^REMIN  =  RESFRE*(I.DO  -  0.5DO/OUAL) 

*  .START  THE  COMPLEX  EIGENFREQUENCY  ALGORTTHM  WTlTmiE  DRIVEN  SYSTEM  Q. 

IF((QUAL.LT.200.D0).AND.((QUAL.GT.0.D0).AND.(PLOTN.LT.7)))THEN 
DO  100IFREQ=1.NUMFRE 
IF(NUMFRE.E0.1)THEN 
FREQ  =  FREMIN 
ELSE 

FREQ  =  FREMIN  +  (FREMAX-FREMIN)*DFLOAT{IFREQ)/DFLOAT(NUMFRE-I) 

END  IF 

FREQ=FREQ*DFLOAT(MODE) 

W=TWOPI*FREQ 

CALL  TAE 1  {W,FOFW.FPLUS.PAMB) 

AMPLIT(IFREQ)=CDABS(P1(1)) 

100  FREQU(IFREQ)  =  FREQ 

*  GETTHEQ  AND  RESONANT  FREQUENCY  USING  THE  CONSTANT  AMPLTT  DRIVER 

*  RESPONSE. 

CALLQUAFAC(AMPLrr,FREQU,QUAL,RESFRE) 

WRITE  (29,1010)  RESFRE,QUAL,TRGH-293.D0 
WRITE  (27,*)  TRGH-293.D0,LD0/QUAL 
WRITE  (28,*)  TRGH-293.D0,RESFRE 
WRITE  (*,1010)  RESFRE,QUAL,TRGH-293.D0 
1010  FORMATC  ROTE:  RES  FREQ=‘,F9.3,' Q=,F9.3,’  DELTAT=,F9.3,‘  K) 

ELSE  !  UNEARLY  INTERPOLATE  TO  GET  A  START  FOR  QUAL  AND  RESFRE. 

*  1/QUAL  AND  RESFRE  ARE  ASSUMED  TO  BE  UNEAR  IN  DELTA  T. 

QUAU 1  .D(VQOLD+(QOLD-QOLD2)*(TRGH-TOLD)/((TOLD2-TOLD)*QOLD2*QOLD) 
QUAL=  1. DO /QUAL 

RESFRE=  RESOLD  +  (RSOLD2-RESOLD)*(TRGH-TOLD)/(TOLD2-TOLD) 

END  IF !  THIS  ENDS  THE  INITIAL  SEARCH  FOR  A  START  Q  AND  RESFRE. 

*  NOW  GET  THE  COMPLEX  EIGENFREQUENCY  FOR  COMPARISON. 

*  INITIAL  GUESS  FOR  THE  NEWTON’S  TECHNIQUE  OF  ROOT  DETERMINATION. 

W  =.  TWOPI  •  RESFRE  *  (l.DO  -  (0.D0,0iD0)/QUAL) 

WSTART  =  W 

IF  (((MODE.EQ.2).AND.(PLOTN.NE.l)).OR.(MODE.EQ.l))  W  =  W  *  WCORR 
WRITE  (*,*)  DREAL(W)/TWOPI,-DREAL(W)/(2.DO*D1MAG(W)) 

110  CALLTAEl(W,FOFW,FPLUS,PAMB) 

NTIMES=NTIMES+1 
WPEW  =  W  •  (l.DO  +  EPSIL) 

WMEW  =  W  *  (l.DO  -  EPSIL) 

CALLTAEl(WPEWEOFWPE,DUMB,PAMB) 

CALL  TAEl  (WMEW,F0FWME,DUMB,PAMB) 

DFOFW  =  (FOFWPE  -  FOFWME)  /  (2.D0  *  EPSIL) 

WNEW  =  W  -  100.D0  *  FOFW  /  DFOFW 
EPSIL  =  (WNEW  -  W)*2.I>4/(WNEW+W) 

*  TEST  =  CDABS((WNEW-Wy(WNEW+W)) 

TESTF  =  CDABS(FOFW/FPLUS) 

*  IF  ((TEST  .GT.  1  .CM)  .OR.  (TESTF  .GT.  1  .D4))  THEN 
IF  (TESTF  .GT.  l.D-5)  THEN 

W  =  WNEW 
GOTO  110 

ELSE  !  COMPLEX  EIGENFREQUENCY  HAS  BEEN  POUND. 

W  =  (W  +  WNEW)/2.D0 
W(X)RR  =  W/WSTART 
WRITE  (*,*)  NTIMES 
WRITE  (*,*)  FOFW 

END  IF  ITESr.GT.ORTESTF.CTCONDrnONAL 

*  GETTHE  Q  AND  RESONANT  FREQUENCY. 

RESFRE  =  DREAL(W)  /  TWOPI 
QUAL  =  -DREAL(Wy(2.D0  •  DIMAG(W)) 

WRITE  (39,101 1)  RESFRE,QUAl  ,TRGH-293.D0,PAMB 
WRITE  (37,*)  TRGH-293.D0,1.D0/QUAL 
WRITE  (38,*)  TRGH-293.D0,RESFRE 
WRITE  (*,101 1)  RESFRE,QUAL,rRGH-293.D0,PAMB 


101 1  lORMATC  EIG:  F0',F9.3.'  0',F').3,-  D'r.f'').3.'  KV  l’AMn'.FI0.2) 

•  I)I:I7;RMINF  IFONSEF  has  BFF.N  ACfllF-VF-D:  IFSO.GFTr  DT  AND  RESFUE,  NEXH’ 

irCPLai'N  .EQ.  I )  THEN 
RESOLD  =  RESFRE 
QOLD  =QUAL 
TOLD  =TRCH 
ELSE 

IF  (qold’Qual  .lt.  o.do)  then 

*  INTERPOLA'IETOGCTIHE  ONSET  DELTA  T. 

TONSET  =  TOLD  +  (TRGH  -  TOLD)/(l.DO  -  QOLD/QUAL) 

WRITE  (44, •)  PAMB,TONSET-203.DO,MODE 
WRITE  (M 1 17)  PAMB.TONSEr-293.DO,MODE 

1117  FORMATC  AMBIENT  PRES  •.F10.2.*  ONSET  DELTAr.F9.3,'  MODE’.I3) 

001017 

ELSE  !  RESET  OLD  PARAMETERS  TO  NEW  PARAMETERS. 

RS0LD2  =  RESOLD 
0OLD2  =QOLD 
T0LD2  =TOLD 
RESOLD  =  RESFRE 
QOLD  =QUAL 
TOLD  =TRGH 

END  IF  !  ONSET  CONDITIONAL 

END  IF  !  PLOTN  £Q.  1 

1 0  CONTINUE  !  TEMPERATURE  LOOP  INCREMENT 

TNOLD2=TNOLD 
TNOLD=TONSEr 

17  CONTINUE  !  PRESSURE  LOOP  INCREMENT 

1 8  CONTINUE  !  MODE  LOOP  INCREMENT 
END 

MAINLINE  USED  TO  COMPUTE  THE  RESONANT  FREQUENCY  AND 
QUALITY  FACTOR  CURVES. 

f********************************************************************** 

♦  PROGRAM :  EVALUATE  TAE  FOR  A  RANGE  OF  PARAMETERS. 

*  VERSION  EXPUCTTELY  FOR  THE  UMTAE 

•  PAT  ARNOTT,  22  MARCH  1991,  MOD  11-15-91. 

*  DETERMINES  THE  STABILITY  CURVE  FOR  THE  FIRST  TWO  MODES  AS  A  FUNCTION 

*  OF  THE  AMBIENT  PRESSURE  INCLUDES  RNITE  WALL  POROSITY  DM  THE  STACK. 

♦  PROGRAM  USED  TO  DETERMINE  THE  Q  AND  RESFRE  OF  THE  UMTAE  VS  TEMPERATURE 


PROGRAM  UMTAE2 

*  variables  USEDTOGETTHEQ. 

REAL’S  AMPLTT(2000).FREQU(2(X)0).QUALRESFRERESOLD,QOLD 
REAL’S  QOLD2,TOLD2,RSOLD2.TOLD 
’  VARIABLES  RETURNED  FROM  TAE 
REAL’S  FREMIN,FREMAX.FDEST 
INTEGER  NUMFRE 

’  LOCAL  VARIABLES  TO  THE  MAINLINE . 

REAL’S  PAMB.PMIN,PMAX,TMIN 

REAL’S  TRGH, TONSET.PI.TWOPI, TEST, TESTF.TNOLD.TNOLIC 
INTEGER  rTRGH.PLOTNJFREQ,NTIMES,NPAMBS,NPRESS.MODE 
COMPLEX’  16  W,WNEW,FOFW,DFOFW,POFWPE,WPEW,EPSIL 
COMPLEX’  16  FPLUS,DUMB,WMEW,FOFWMEWCORR,WSTART 

*  DEFINE  THE  VARIABLE  FOR  THE  OUTPUT  COMMON  BLOCK. 

PARAMETER  (N=5000) 

REAL’S  Q2(N),W2(N),ZC00R(N) 

COMPLEX’ 16  Z(N),P1(N) 

LOGICAL  INSTAK(N) 

COMMON  /OUTPUT/  P12.Q2.W2,ZC00R,INSTAK 
’  PRELIMINARIES. 

PI=i4.D0’DATAN(l.D0) 

TWOPI  =.  2.D0  ’  PI 

*  SET  UP  THE  AMBIENT  PRESSURE  LOOP. - 

PMIN-  1.73D5 
PMAX-  1.73D5 


TMIN  =  2')3.DO 
NI>AMBS=I 

'  SE  I'  UP  THE  MODE  LOOP . 

DO  18MODE=2.2 
DO  l7NPRESS=l,NPAMnS 

WCORR  =  (3151. 633 184D0.-67.8178943D0)/(3I52.<)2I237D0,-66.734D0) 

PLO'I'N=0 

QUAL=30.D0 

PAMB  =  PMIN  +  (PMAX-PMIN)  •  DFLOAT(NPRESS)  /  DFIjOAT(NPAMBS) 

•  HOP  ON  THE  TEMPERATURE  CALCULATIONS — 

DO  10  rrRGH=INT(TMIN).  1593,20 

EPSIL.  I.D-8 

NT1MES=0 

TRGH  =  DFLOATflTRGH) 

CALL  CH  ANGE(2,28,TRGH) 

CALL  CHANGE(2.3 1  .TRGH) 

CALL  CHANGE(2,56,TRGH) 

CALL  Cl  1  ANGE(249,TRGH) 

CALL  CHANGE(2,84.TRGH) 

PLOTN  =  PLOTN  +  1 

CALLTAE(FREMIN,FREMAX.NUMFRE.FOESrr) 

FOEST  =  FOEST*DFLOAT(MODE) 

WRITE  (Mll)FOEST 

1 1 1  FORMATC  RESONANT  FREQUENCY  ESTIMATE  FROM  OPL  .FOJ) 

*  IF(PLOTN.NE.l)FREMIN  =  RESFRE*(LD0-0.5D0/OUAL) 

♦  START  THE  COMPLEX  EIGENFREQUENCY  ALGORITHM  WITH  THE  DRIVEN  SYSTEM  Q. 

IF  ((QUAL.LT.200.D0).AND.(QUALGT.0.D0))  THEN 
DO  100IFREQ=1.NUMFRE 
IF(NUMFRE.EQ.1)THEN 
FREQ^FREMIN 
ELSE 

FREQ  =  FREMIN  +  (FREMAX-FREMIN)*DFLOAT(IFREQ)/DFLOAT(NUMFRE-l) 

END  IF 

FREQ»FREQ*DFLOAT(MODE) 

W»TWOPI*FREQ 

CALL  TAEl(W,FOFW.FPLUS,PAMB) 

AMPLITaFREQ)=CDABS(Pl(l)) 

100  FREQU(IFREQ)  =  FREQ 

♦  GETTHE  Q  AND  RESONANT  FREQUENCY  USING  THE  CONSTANT  AMPUT  DRIVER 

*  RESPONSE. 

CALL  QUAFAC(AMPLIT,FREQU,QUAURESFRE) 

WRITE  (29,1010)  RESFRE.QUAL,TRGH-293.D0 
WRITE  (27,*)  TRGH-293.DO,LDO/QUAL,MODE 
WRITE  (28,*)  TRGH-293.DO,RESFRE,MODE 
WRITE  (*,1010)  RESFRE,QUAL,TRGH-293,D0 
1010  FORMATC  ROTE:  RES  FREQ=’.F9.3,’  Q=.',F9.3.-  DELTAT=',F9.3,'  K  ) 

ELSE  !  LINEARLY  INTERPOLATE  TO  GET  A  START  POR  QUAL  AND  RESFRE. 

*  1/QUAL  AND  RESFRE  ARE  ASSUMED  TO  BE  LINEAR  IN  DELTA  T. 

QUAL=LD(VQOLD+(QOLDOOLD2)*(TRGH-TOLD)/((TOLD2-TOLD)*QOLD2*QOLD) 
QUAL=  1. DO /QUAL 

RESFRE=  RESOLD  +  (RSOLD2-RESOLD)*(TRCH-TOLDy(TOLD2-TOLD) 

END  IF !  THIS  ENDS  THE  INITIAL  SEARCH  FOR  A  START  Q  AND  RESFRE. 

♦  NOWGETTHECOMPLEXEIGENFREQUENCYPOR  COMPARISON. 

» INITIAL  GUESS  FOR  THE  NEWTON'S  TECHNIQUE  OF  ROOT  DETERMINATION. 

IF  ((MODE.EQ.2).  AND.((QUAL.GT.  100.D0).OR.(QUAL.LT.0.D0))) 

*  THEN  !  THE  ROUTINE  IS  OK  FOR  THE  HIGHER  MODE....  GO  AHEAD 
W  =.  TWOPI  *  RESFRE  •  (l.DO  -  (0.D0,0.5D0)/QUAL) 

WSTTART  *  W 

IF  (((MODE.EQ.2).AND.(PLOTN.NE.I)).OR.(MODEEQ.l))  W  -  W  *  WCORR 
WRITE  (*,*)  DREAL(W)/TWOPI,-DREAL(W)/(2.D0*DIMAG(W)) 
no  CALLTAEl(W,FOFW.FPLUS,PAMB) 

NTIMES=NT1MES+1 
WPEW  =  W  *  (l.DO  +  EPSIL) 

WMEW-W*(LD0-EPSIL) 


CA I  .L  TAF.  1  (WPFW.FOFWPI  :.0l  JM  B.PAMB) 
CALLTAEI(WMEW.FOrWME.DUM«.PAMB) 
l)| OFW  =  (FOIAVPE  -  FOFAVME)  /  (2.D0  *  EPSIl.) 

WNEW  =  W  -  lOO.DO  ♦  FOFW  /  DFOFW 
EPSIL  =  (WNEW  -  W)*2.[>4/(WNEW+W) 

*  1  FST  =  CDABS((WNFW-W)/(WNEW+W)) 

TESIF  =  CDABS(FOF'W/FPLUS) 

*  I F  ((TEST  .CT.  1  .D-4)  .OR.  CI'ES'IT  .GT.  1  .D-4))  THEN 
IF  fl  ES'IT  .GT.  l.D-5)  THEN 

W  =  WNEW 
GOTO  1 10 

ELSE  !  COMPLEX  EIGENFREQUENCY  HAS  BEEN  FOUND. 

W  =  (W  +  WNEW)/2.D0 
WCORR  =  W/WSTART 
WRITE  (*.*)  NTIMES 
WRH'E  (*.*)  FOFW 

END  IF  !  TEST.GT.  OR  TESTF.GT  CONDITIONAL 

*  GET  THE  Q  AND  RESONANT  FREQUENCY. 

RESFRE  =  DREAMW)  /  TWOPI 
QUAL  =  -DREAL(WV(2.D0  *  DIMAG(W)) 

WRrrE  (30,101 1)  RESFRE,QUAL,TRGH-293.D0,PAMB 
WRITE  (37,*)TRGH-293.D0.1.D0/QUAL.MODE 
WRITE  (38,*)  TRGH-293.D0, RESFRE, MODE 
WRITE  (MOl  1)  RESFRE,QUAL,TRGH-293.D0.PAMB 
101 1  FORMATC  EIG;  F0*,F9.3,‘  Q'.F9.3.'  Dr,F9.3.’  K','  PAMB-.F10.2) 

*  DETERMINE  IF  ONSET  HAS  BEEN  ACHIEVED;  IF  SO.  GET  DT  AND  RESFRE,  NEXTP 

IF(PLOTN.E0. 1)THEN 
RESOLD  =  RESFRE 
QOLD  =QUAL 
TOLD  =TRGH 
ELSE 

*  (F(QOLD*QUAL.LT.O.DO)THEN 

*  INTERPOLATE  TO  GET  THE  ONSET  DELTA  T. 

*  TONSET  »  TOLD  +  (TRGH  -  TOLD)/(  1  .DO  -  QOLD/QUAL) 

*  WRITE  (44,*)  PAMB,TONSET-293.DO,MODE 

*  WRITE  (*,1117)  PAMB,TONSET-293.DO,MODE 

*1117  FORMATC  AMBIENT  PRES  ■.F10.2,'  ONSET  DELTAT.FO.S,’  MODE’, 13) 

*  GOTO  17 

*  ELSE  !  RESET  OLD  PARAMETERS  TO  NEW  PARAMETERS. 

RSOLD2  =  RESOLD 

OOLD2  =QOLD 
TOLD2  =TOLD 
RESOLD -RESFRE 
QOLD  -QUAL 
TOLD  -TRGH 

*  END  IF  !  ONSET  CONDITIONAL 

END  IF  !  PLOTN  .EQ.  1 

END  IF  !  CONDITIONAL  ON  MODE.EQ2  AND  Q>100. 

10  CONTINUE  '.TEMPERATURE  LOOP  INCREMENT 

TNOLD2-TNOLD 
TNOLD-TONSET 

17  CONTINUE  !  PRESSURE  LOOP  INCREMENT 

1 8  CONTINUE  !  MODE  LOOP  INCREMENT 
END 
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Abstract 

Following  the  onset  of  self  oscilladon  in  a  tbermoacousdc  prime  mover  a  periodic  signal 
with  an  acousdc  overpressure  of  1<8  %  of  amtnent  pressure  (3  atm  of  Helium)  is  observed. 
The  waveform  adopts  a  non-sinusoidal  shape  which  is  assumed  to  be  the  result  of  non¬ 
linear  ptopagadon.  Tbete  ate,  however,  odw  possible  sources  of  this  nonlinearity  which 
must  be  examined  in  the  future.  These  include  a  varying  cold  end  tenqierature  when 
displaced  amplitudes  approach  the  depth  of  the  heat  exchangers  and  effects  of  the  large 
amplitude  acoustic  signal  on  the  assumed  linear  variation  of  temperature  within  the 
thermoacoustic  stack. 


Introduction 

Thermoacoustic  prime  movers  convert  suxed  thermal  energy  into  useful  work  in  the  form 
of  sound.  Referring  to  Figure  1,  a  typical  prime  mover  configuration  consists  of  a  stack  of 
plates,  called  the  prime  mover  stack  (or  singly,  the  stack),  which  is  in  thermal  contaa  with 
two  heat  exchangers.  For  the  work  reported  here,  one  end  of  the  prime  mover  stack  was 
held  at  elevated  temperatures  while  the  other  end  was  held  at  ambient  (rotnn)  temperature. 
However,  the  important  quantity  is  the  temperature  difference  across  the  prime  mover 
stack,  not  the  absolute  temperatures  of  either  end.  The  prime  mover  stack  and  heat 
exchangers  are  housed  within  an  acoustic  resonator.  The  prime  mover  suck/heat 
exchangerAesonator  assembly  is  called  a  (thermoacoustic)  prime  mover. 

Thermal  energy  is  stored  in  the  prime  mover  by  imposing  a  temperature  difference 
across  the  stack,  the  two  quantities  being  proportional.  In  order  for  the  prime  mover  to 
produce  net  positive  work,  i.e.  to  produce  audible  sound,  the  amount  of  stored  energy 
converted  to  sound  must  exceed  the  amount  of  acoustic  energy  dissipated  by  losses  in  the 
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prime  mover.  The  dominant  loss  mechanism  for  the  type  of  gases  and  frequencies  of 
interest  here  are  thermal  and  viscous  losses  at  the  resonator  walls  and  the  stack  and  heat 
exchanger  surfaces.  The  prime  mover  is  said  to  have  reached  "onset'*  when  the  tenqreratuie 
difference  across  the  stack  is  sufficient  for  the  prime  mover  to  generate  and  sustain 
detectable  levels  of  sound.  The  use  of  the  word  "detectable"  is  not  meant  to  imply  that 
onset  is  a  subtle  question  of  detection  thresholds.  When  onset  is  reached,  the  observer 
(and  everyone  else  in  the  room)  knows  it. 


Exchanger 


Hguie  1.  Prime  Mover 


Once  onset  of  self  oscillation  is  reached,  the  acoustic  amplitude  in  the  tube 
immediately  assumes  a  large  value,  typically  about  1%  of  the  ambient  pressure.  The 
observed  waveform  is  noticeably  mxi-sinusoidaL  As  nxne  energy  is  supplied  to  the  hot 
end  of  the  stack,  the  temperature  of  that  end  increases  only  slightly  while  the  acoustic 
amplitude  in  the  tube  increases  rapidly.  Since  we  are  interested  in  efficient  conversion  of 
heat  into  sound,  this  is  a  very  favorable  operating  regime.  Unfortunately,  as  the  acoustic 
amplitude  increases,  an  increasing  fraction  of  the  acoustic  energy  spears  as  higher 
harmonics  -  harmonic  distortion  increases.  It  is  this  increase  in  non-linear  generation  of 
harmonics  that  will  be  the  subject  oi  diis  paper. 


Experimaital  System 

The  resonance  tube  is  made  from  a  88.1  cm  long,3.82  cm  ID  copper  mbe  connected  to  an 
ambient  heat  exchanger,  stainless  steel  prime  mover  stack,  and  nickel  hot  end.  The  hot  end 
consists  of  a  5.00  cm  long,  3.82  cm  ID  nickel  tube  and  a  heat  exchanger.  One  end  of  the 
tube  is  capped  and  accomnxxlates  a  type  K  thermocouple  probe  used  to  sense  the  hot  heat 
exchanger  temperature.  The  hot  heat  exchanger  consisting  of  25, 0.051  cm  thick,  0.762 
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cm  long  nickel  plates.  The  gap  between  each  pair  of  adjacent  plates  is  0. 102  cm. 

The  prime  mover  stack  consists  of  35.  0.2S  cm  thick.  3.42  cm  long  304  stainless 
steel  plates  spaced  by  0.079  cm  and  is  housed  within  a  thin  walled  stainless  steel  tube.  A 
temperature  gradient  is  established  across  this  stack  to  supply  the  required  heat  flux. 

The  ambient  heat  exchanger  is  employed  to  maintain  one  end  of  the  stack  at  a  constant 
ambient  temperature.  The  construction  of  this  heat  exchanger  is  very  similar  to  the  hot  heat 
exchanger,  except  it  has  a  length  of  1.02  cm  and  contains  25  copper  plates.  The  ambient 
heat  exchanger  actually  consists  of  two  such  stacks  separated  by  a  0.15  cm  gap. 

Control  of  the  temperature  gradient  across  the  prime  mover  stack  is  achieved  by  an 
OMEGA  a  Model  HBA  202040  heater  and  a  Neslab  Model  RET>1 10  constant  temperature 
bath.  The  heater  is  mounted  to  surround  the  nickel  heater  section.  Electrical  power  is 
provided  to  the  heater  through  a  variac.  Water  is  circulated  by  the  constant  temperature 
bath  through  a  water  jacket  which  sunounds  the  ambient  heat  exchanger,  also  circulated 
through  flexible  plastic  mbing  which  is  wrapped  around  the  copper  tube  to  maintain  a 
uniform  temperature.  Three  type  E  thermocouples  were  glued  to  die  top,  middle,  and 
bottom  the  the  Imig  copper  section  of  the  prime  mover  to  sense  the  temperature  along  that 
section. 

The  closed  end  of  the  copper  tube  accommodates  an  ENDEVCO  Model  8510B>5 
piezoresistive  pressure  transducer,  housed  within  a  back  volume.  A  high  unpcdancc  leak  is 
provided  between  the  resonator  and  the  back  volume  to  eliminate  dc  pressure  difference 
with  little  effect  on  acoustic  pressure  differences. 


Experimental  Results 

Figures  2  and  3  show  the  waveform  and  the  spectrum  of  the  sound  generated  by  the  prime 
mover  above  onset.  The  mean  gas  pressure  is  307  kPa.  The  temperature  difference  across 


60  mV 


-60  mV 


Osec  8msec 


Figure  2.  Waveform  of  the  sound  generated  by  the  prime  mover  at  a  temperature  difference 

of  325 ‘C. 
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Figures.  Spectnim  of  wavefonn  shown  in  Figure  2. 


the  stack  is  325  *C  which  is  slightly  above  onset  The  signal  exhibits  slight  distortion, 
particularly  in  the  positive  cycle.  Figure  3  shows  that  the  difference  in  spectrum  level 
between  the  first  few  modes  is  larger  than  15  dB.  Hgures  4  and  5  show  results  for  a 
temperature  difference  of  368  *C,  the  signal  is  distorted  sharply  in  bodi  positive  and 
negative  half-cycles.  The  difference  between  spectrum  levels  for  the  first  few  modes  has 
decreased  further  to  less  than  6  dB  and  more  energy  has  been  spread  to  higher  ttxxles. 


60  mV 


-60  mV 
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Figure  4.  Waveform  of  the  sound  generated  by  the  prinoe  mover  at  a  temperature  difference 

of  368 ’C. 


Figure  5.  Spectrum  of  waveform  shown  in  Figure  4. 
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The  peak  positive  pressure  amplitudes  for  temperature  differences  of  325,  368,  and 
433  *C  amplitude  are  approximately  3.3,  13.5,  and  24.2  kPa,  respectively.  These 
amplitudes  correspond  to  approximately  1.1, 4.4  and  7.9%  of  mean  gas  pressure. 

There  can  be  little  doubt  that  the  signal  at  the  higher  frequencies  is  being  generated  by 
the  fundamental.  If  we  examine  the  frequency  of  these  spectral  peaks,  they  are  integral 
muldples  of  the  fundamental  to  within  four  significant  digits  and  have  no  measurable  line 
width. 

Interpretation  of  Results 

Prediction  of  harmonic  generation  (one  method  of  describing  the  non-sinusoidal  waveform) 
is  not  straight  forward  even  with  a  good  understanding  of  dissipation  mechanisms  in  the 
stack.  In  a  resonance  tube,  the  frequency  of  overtones  depends  upon  dispersion  while 
harmonic  generation  results  in  exact  multiples  of  the  fundamentaL  This  means  that  sound 
generated  nonlineariy  will  be  generated  at  a  frequency  different  from  a  tube  resonance.  We 
will  develop  here  only  a  qualitative  treatment 

We  apply  a  treatment  of  finite  amplitude  standing  waves  by  Coppens  and  Sanders 
[1],  They  have  shown  that  the  ratio  of  the  amplitude  of  the  second  harmonic  to  that  of  the 
fundamental  is  given  by 

(*) 

^  llVoJ 

Similarly,  the  aix^litude  of  the  third  harmonic  to  that  of  the  fundamental  is  given  by 

In  these  equations  P  » (Y4'iy2,  Po  is  the  ambient  density  of  the  gas,  Cq  is  the  infinitesimal 
aixq)litode  sound  speed,  Qa  *  ('^  ^  ^  ^  Qs  *  ^  ^  63.  a  is  the 

attenuadoncoefificient,  winch  is  related  to  the  quality  factor  q  as  a  «cfV2qco.  Forasystem 
driven  at  its  fundamental  frequency  [1],  tan  B2  «  0.414  and  tan  O3  «  0.732. 

Above  the  onset  of  seif  oscillation,  the  qof  the  fundamental  qj  is  infinite.  Therefore 

qi  must  be  estimated  from  the  q's  higher  modes.  The  prime  noover  is  dominated  by  wall 
1/2 

losses  and  so  qa  « <10^  . 

The  peak  atrq)litude  of  the  fundamental  in  Figure  3  is  3.3  kPa.  Assuming  T  ^  293  k 
(which  is  approximately  true  for  most  of  the  prime  mover)  and  an  ambient  pressure  of  307 
kPa,  Po  >  0.54  kg/m3,  ^  «  1.33  and  Cq  «  1008  m/s.  The  q  of  the  third  mode  is  68. 
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Perfonning  the  calculations  yields  (P2/P1)  » -20  dB  and  (P3/P1)  =  -32  dB.  Referring  to 
Figure  3  shows  that  the  measured  values  are  closer  to  -16  and  -32  dB.  respectively,  in 
reasonable  agreement  with  theory. 

For  the  case  shown  in  Figure  5  the  calculations  predict  (P^P})  =  -7  dB  and  (P3/P1)  - 
-8  dB  while  the  measured  values  are  -7.6  and  -14J  dB,  respectively.  At  even  higher 
fundamental  amplitudes,  the  results  are  even  less  acceptable. 

Although  the  results  of  this  analysis  are  not  extremely  accurate,  they  do  serve  as  a 
modvadon  to  cany  the  treatment  further.  The  reasons  for  the  discrepancies  are  not  clear. 


Condusioiis 

At  this  point,  we  are  not  in  a  posidon  to  determine  the  reladve  contribudons  from  non-linear 
propagadon  and  non-linear  generation  to  the  observed  waveform  distortion.  At  the  very 
mininmim.  such  adetermiiuuion  will  require  an  accurate  model  for  velocity  dispersion  in  the 
prime  mover.  This  area  is  receiving  attention  now.  Beyond  that,  the  equations  which  give 
rise  to  acoustic  gain  have  been  linearized.  A  numerical  solution  of  the  coupled  momentum 
and  energy  equation  rm^t  identify  agnificant  non-linear  terms  in  the  coefficient  of  gairu 
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An  experimental  and  theoretical  investigation  of  sound  propagation  in  a  porous  sample 
composed  of  capillary  tubes  with  rectangular  cross  sections  is  described  in  this  paper.  An 
experimental  technique  valid  for  low  flow  resistivity  and  high  porosity  porous  samples  was 
developed  to  measure  the  attenuation  and  phase  velocity  in  the  porous  material.  This  technique 
uses  transmission  of  a  short  pulse  in  a  large  tube  through  the  porous  sample  and  subsequent 
frequency  domain  analysis  in  the  range  200-1 300  Hz.  Good  agreement  was  obtained  if  an 
anomalous  tortuosity  factor  of  1. 1  is  used  in  the  theory.  A  scaling  factor  for  relating  cylindrical 
and  square  tube  capillary  theories,  known  as  the  dynamic  shape  factor,  was  investigated. 

Propagation  constants  computed  from  use  of  a  near  unity  dynamic  shape  factor  in  the 
cylindrical  pore  theory  agree  favorably  with  calculations  based  on  the  square  pore  theory  for 
the  frequencies  and  pore  radii  used  in  the  experiment. 

PACS  numbers:  43.20.Mv,  43.55.Ev,  43.28.Fp,  43.50.Vt 


INTRODUCTION 

The  interaction  of  sound  with  porous  media  has  many 
practical  applications  and  a  tong  history.  Porous  media  are 
ideal  sound  absorbers  for  use  in  architectural  acoustics  and 
anechoic  chambers.  The  porous  nature  of  the  earth's  surface 
and  ocean  bottoms  can  greatly  influence  the  propagation  of 
sound  in  the  air  and  oceans.  An  example  of  the  diverse  uses 
of  sound  propagation  in  porous  media  comes  from  our  labo¬ 
ratory,  where  we  recently  used  measurements  and  theory  for 
sound  propagation  in  the  porous  ground  to  determine  phys¬ 
ical  parameters  that  are  related  to  the  agricultural  suitability 
of  the  soils  investigated. ' 

Several  models'  ’  for  porous  media  are  based  on  the 
adaptation  of  the  solution  for  sound  propagation  in  cylindri¬ 
cal  capillary  tubes  to  pores  of  irregular  geometries.  The  basic 
fluid  fleld  equations  used  in  these  models  are  a  simplified 
version  of  the  linearized  Navier-Stokes  equations  '  for  a  flu¬ 
id.  The  approximation  employed  in  this  calculation  is  that 
the  transverse  fluid  velocities  are  much  smaller  than  the  lon¬ 
gitudinal  fluid  velocity.  Zwikker  and  Kosten’  were  first  to 
obtain  the  solution  based  on  the  simplified  version  of  the 
fluid  model  equations  and  showed  that  these  solutions 
agreed  with  KirchhofTs  exact  solution'*  in  the  limit  of  high 
and  low  frequencies.  Tijdeman"  and  Stinson^  investigated 
the  range  of  validity  of  the  Zwikker  and  Kosten  solution  in 
comparison  to  the  more  rigorous  KirchhofT solution  and  de¬ 
termined  that  the  condition  for 'the  approximation  to  hold 
was  the  condition  on  velocities  listed  above.  Tijdeman  refers 
to  the  Zwikker  and  Kosten  theory  as  the  “low  reduced  fre¬ 
quency  approximation." 

We  have  developed  a  porous  media  model  for  rectangu¬ 
lar  cross-section  capillary  tubes.  The  rectangular  pore  calcu¬ 
lation  is  based  on  the  low  reduced  frequency  approximation. 
Specifically,  the  model  allows  one  to  compute  propagation 


constants  and  characteristic  impedances  for  porous  media 
consisting  of  rectangular  pores.  The  effects  of  a  slight  capil¬ 
lary  tube  curvature  or  tortuosity  are  accounted  for  in  this 
model.  For  the  single  pore,  a  series  solution  is  used  for  the 
particle  velocity,  pressure,  density,  and  temperature.  The  ex¬ 
tension  of  the  single-pore  theory  to  bulk  media  consisting  of 
an  array  of  pores  is  developed  using  standard  techniques.’ ' 
This  is  discussed  in  Sec.  I.  The  single-pore  solution  for  rec¬ 
tangular  pores  has  been  developed  independently  by  Stin¬ 
son.^ 

The  rectangular  pore  model  is  compared  to  attenuation 
and  phase  velocity  measurements.  The  ceramic  porous  sam¬ 
ples  used  in  the  experiment  consisted  of  nominally  straight 
capillary  tubes  having  square  cross  sections.  These  low  flow 
resistivity,  high  porosity  samples  may  be  useful  for  low-fre¬ 
quency  sound  absorption.  A  more  thorough  description  of 
the  porous  samples  and  experimental  technique  is  given  in 
Sec.  II.  Comparison  of  theory  and  experiment  is  discussed  in 
Sec.  III. 

A  general  theory  for  arbitrary  pore  shape”  was  devel¬ 
oped  by  introducing  a  scale  factor  known  as  the  dynamic 
shape  factor  to  scale  between  different  pore  geometries.  The 
limiting  cases  for  this  scaling  factor  are  circular  pores  and 
parallel  slits.  The  limiting  cases  of  rectangular  pores  are 
square  pores  and  parallel  slits,  which  give  rectangular  pore 
theory  a  wide  range  of  applicability.  The  dynamic  shape  fac¬ 
tor  for  square  pores  is  frequency  dependent,  just  as  it  is  for 
parallel  slits."  A  discussion  of  the  dynamic  shape  factor  for 
square  pores  is  given  in  Sec.  IV. 

I.  PROPAGATION  IN  RECTANGULAR  PORE  MEDIA 

Sound  propagation  in  a  single  rectangular  capillary  tube 
is  developed  first.  The  acoustic  field  in  the  pore  is  specified  to 
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first  order  in  the  acoustic  variables.  Boundary  conditions  at 
the  pore  wall  are  that  the  walls  are  rigid  and  thus  the  total 
particle  velocity  is  taken  as  zero.  Due  to  the  high  heat  capac¬ 
ity  and  thermal  conductivity  of  the  pore  wall,  the  tempera¬ 
ture  of  the  fluid  in  the  pore  at  the  boundary  is  taken  to  be  the 
same  as  the  pore  wall.  We  do  not  assume  any  internal  mean 
flow.  "  The  siflgle-pore  theory  is  then  used  to  develop  the 
theory  for  a  porous  material  consisting  of  an  array  of  rectan¬ 
gular  capillary  tubes  possibly  having  a  slight  longitudinal 
curvature  or  tortuosity. 


A.  Acoustical  disturbances  in  a  single  rectangular 
capillary  tube 

The  coordinate  system  shown  in  Fig.  1  has  the  z  axis 
parallel  to  the  tube  axis.  The  transverse  dimension  is 
spanned  by  an  x-y  coordinate  system  with  the  origin  at  the 
lower  left  corner  of  the  rectangle.  First-order  acoustic  vari¬ 
ables  are  the  real  parts  of 

p(z,/)  =  +  p^  (2)  exp(  -  ioit),  ( 1 ) 

Y(x,ya,t)  =  [v,(x,ya),u,(x,ya),v.(x,ya)] 

Xexp(— /Vw/),  (2) 

T{x,ya,t)  =  r„  +  T,  (x,y^)  exp(  -  iojt),  (3) 

and 


p(x,ya,t)  =p„  +pt  (x,y^)  exp(  —  icjl).  (4) 

Subscript  zero  refers  to  ambient  values:  subscript  I  implies 
first  order;  and  in  Eq.  (2)  the  x,  y,  and  z  components  of 
particle  vekKity  are  i\.  t>,  .  and  v.,  respectively.  Equations 
( I).  (3).  and  (4)  are  the  acoustic  pressure,  temperature, 
and  density.  Acoustical  disturbances  within  the  pore  are  tak¬ 
en  to  satisfy  the  following  relations; 


KK!  I  CiNirdiilalv  svslcin  :iikI  jiiimiicIia  tm  llic  mii^Ic  piiiv  t.;ik'ulali<'ii 


p,  {x,y^)  =  -p„PT,  {X,ya)  -t-  (T/c‘)p,  (z), 

and 

-  ia)p„Ci,T^  (x,yj:)  =  -  (z) 

These  relations  are  given  in  the  frequency  domain  where 
d/dt  is  replaced  by  —  i(o,  where  t  is  time  and  w  is  angular 
frequency.  Respon.se  functions  and  tran.sport  coefficients  are 
the  constant  pressure  heat  capacity  per  unit  mass;  y  is  the 
ratio  of  specific  heats;  c  is  the  adiabatic  sound  speed: 
/?  =  —  ( dp/dT)^/p„,  is  the  thermal  expansion  coefficient;  rj 
is  the  viscosity;  and  k  is  the  thermal  conductivity.  In  order, 
these  equations  express  the  z  component  of  the  equation  of 
motion,  continuity  or  mass  conservation,  equation  of  state 
for  density,  and  heat  transfer.  Equations  (S)-(8)  are  the 
same  set  ofequations  used  by  Zwikker  and  Kosten.'  In  using 
these  approximate  equations  the  assumption  is  that  the 
transverse  velocity  components  v,  and  y,  are  much  less  than 
the  longitudinal  velocity  v. .  Further  discussions  of  these  ap¬ 
proximations  can  be  found  in  Appendix  B  of  Ref  6.  Appen¬ 
dix  A  of  Ref.  10,  and  Ref.  7. 

The  following  notation  will  be  used  to  facilitate  com¬ 
parison  with  Attenborough's  results."  '  A  dimensionless 
“shear-wave  number”  that  is  proportional  to  the  ratio  of  the 
pore  radius  and  the  viscous  boundary  layer  thickness  is 
A  =  R(p„(o/'q)''-.  Here  R  is  a  characteristic  transverse  di¬ 
mension  of  the  pore.  For  definiteness  we  fake  R  to  be  twice 
the  transverse  pore  area  divided  by  the  transverse  pore  pe¬ 
rimeter.  Thus  R,  which  is  twice  the  hydraulic  radius."  is  the 
tube  radius  for  a  cylindrical  pore  and  the  semiwidth  for  a 
square  pttre.  “Wide  tubes"  with  the  same  R  are  acoustically 
equivalent,  i.e..  they  have  the  same  propagation  constants.  ‘ 
A  dimensionless  number  proportional  to  the  ratio  of  the  pore 
radius  to  the  thermal  boundary  layer  thickness  is 
A,  =  R(/7,,<t;c,,/x') '  ■  or /I ,  = /i.V where  .V,.,  =>;(•//,■  is 
the  Prandtl  number. 

To  make  rapid  progress,  denote  the  j  component  of  the 
particle  vekicity  r  by 

,  ,  F(x,rJ) 

u,(x,y^)=  — - — .  (9) 

ta/p,,  az 

Similarly,  denote  the  acoustic  pore  temperature  by 
r,  lx,y^)  =  [  ( j'  -  1  )/(rp„P  ]p,  (r)R(.x,y;/i , ).  ( 10) 

The  thermodynamic  relation  T„P'/c,.  =  (]'  -  I  )/t'’  can  be 
used  in  Eq.  (8)  for  T, .  The  particle  vekK'ity  and  tempera¬ 
ture,  Eqs.  (5)  and  (8),  reduce  to  the  simple  forms 

F(  x.y:A )  +  F(  )  =  1  (11) 

lA  \(lx'  Py-/ 

and 

F(.T.y:/i ,  )  +  -^  f—  +  — I  F{x.y.A  ,  )  =  I.  (12) 
I A  ,  Vf'At*  Py  / 

respectively,  subject  to  the  boundary  condition  /  ^  0  at  the 
pore  boundary.  This  is  the  particle  velocity  atid  esccss  tem¬ 
perature  boundary  condition.  The  solution  for  Fi.x.v.A  )for 
rectangular  pore  boundaries  is' 
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«  m.H  odd 


sin(mirx/2a)  sm(niry/2b) 


(13) 


where 


~  1  +  (ifl^//l^)((6W  +  aV)/(a  +  *)^] 

(14) 

and  twice  the  ratio  of  transverse  pore  area  to  perimeter  is 
R  =  lab/{a  +  b).  [Recall  that  X  =  R(pn<t}/if)''^.]  In  the 
sums,  m  and  n  are  odd  numbers  ranging  from  l-oo .  For  later 
use,  the  average  F(  A)  =  |  l/(4a6)lJ'F(jcj^A)dj:d'>»overthe 
pore  cross  section  is 


F(X)  = 


1 


64 


rr*  m-rrY,„„{X) 


(15) 


The  z  component  of  the  particle  velocity  is  given  by  Eq.  (9) 
with  f(jc,>^/l)  in  Eq.  ( 13)  and  the  excess  temperature  is  giv¬ 
en  by  Eq.  ( 10)  with  the  replacement  of  A  in  Eq.  (13)  by  A,. 

To  derive  a  wave  equation  for  the  pressure,  the  fluid 
equations  in  Eqs.  (S)-(8)  are  averaged  over  the  pore  cross 
section.  Denote  by  p,  (z)  =  [  l/(4fl6)  J /p,  (x,y,z)dx  dy  the 
average  of  the  acoustic  density  in  the  pore  and  use  similar 
notation  for  t;.  (z)  and  T,  (z)  for  the  transverse  area  average 
of  V.  (x,y,z)  and  T,  (x,y^).  Use  of  Eqs.  (9)  and  ( 10)  for  thez 
component  of  the  particle  velocity  and  temperature  and  the 
fluid  equations  (S)-(8)  results  in  a  set  of  averaged  equa- 
tions; 


io^o  ,  ,  dp,  (2) 
dv,(z) 

-  leap,  (z)  po  — - —  =  0, 
02 


(16) 

(17) 


and 

Pi(z)  =  {[(1  -r)F{Xr)  +  y]/c^}p,  (z).  (18) 

The  boundary  conditions,  v,  (x,ya)  =  0  and  u,(x,y^)  =  0 
at  the  boundary,  were  used  in  obtaining  Eq.  (17)  from  the 
continuity  equation  (6).  Also,  Eq.  ( 10)  for  T,  (z)  was  used 
in  the  equation  of  state  (7)  to  obtain  Eq.  (18).  Following 
Attenborough^  we  define  a  complex  density  from  Eq.  (16) 
and  complex  compressibility  from  Eq.  (18). 

p=p„/F(A)  (19) 


B.  Extension  to  bulk  media:  Propagation  constants  and 
characteristic  impedance 

Consider  a  fluid  half-space  overlying  a  porous  half¬ 
space  saturated  by  the  same  fluid.  The  pores  are  taken  to 
have  a  rectangular  cross  section  and  we  let  the  capillary  tube 
axis  of  each  pore  be  at  an  angle  6  with  respect  to  the  surface 
normal.  The  tortuosity  q  =  l/cos  6  for  such  a  porous  sam¬ 
ple  2.5,11.11  -j-jjg  Qpgjj  volume  divided  by  the  total  volume  is 
the  porosity  ft  of  the  sample.  The  boundary  conditions  are 
continuity  of  volume  velocity  ( from  mass  conservation )  and 
the  continuity  of  pressure  ( from  Newton’s  third  law )  at  the 
porous  interface.^-’  Since  fluid  only  flows  into  the  pores, 
the  bulk  particle  velocity  in  the  porous  media  is 
y.,,  =  €lu^/q}  "  In  order  to  account  for  propagation  in  a 
slanted  pore  (or  other  tortuous  path),  the  differential  dz  in 
Eqs.  (21 )  and  (22)  is  replaced  with  ^dz,  where  9 >  1  is  the 
tortuosity.^  ’  "  Thus  the  bulk  acoustical  equations  are 


10}^  ■ 


ft 


dpy  (Z) 
qdz 


=  0 


and 


Sldz 


—  ioiCp^  (z)  =0. 


(23) 


(24) 


Differentiating  Eq.  (23)  by  z  and  eliminating  K,  with  Eq. 
(24)  give  an  expression 

d^p^  (z) 


d^ 


+  o^pCq^Py  (z)  =  0 


(25) 


for  the  pressure  in  the  porous  media.  Assuming 
p,  ocexpiikz)  gives  the  dispersion  relation 


=  <o'<rpC=  (<uVc^)^H[(i  -  r)F(A,  )  -I-  r]/F(X)} 

(26) 


for  the  complex  wave  number  A.  From  Eq.  (23),  the  charac¬ 
teristic  impedance  is 

^  poMT  _  Pi,  q  _ C _ 

Clk  F(A)'''-  ft  [(1 -r)F(A,)  +  j']''- 

(27) 


The  plane-wave  pressure  reflection  coefficient  r,,  for  a  wave 
normally  incident  from  the  fluid  half-space  on  the  porous 
sample  is 

_  Z-p,/:  _  {F'(A)[(1  -  y)FU,)  +  y]}  '  -  -  Q/q 

’’  Z+p,p  {F(A)[(1  -  ylFfA, ) -I- T']}  '  - ft/^ 

(28) 


and 

c  =  ( \/p„ ){p,/p,)  =  \  - r)F(X , )  +  r]/p„(r. 

(20) 

Eliminating^,  from  the  continuity  and  state  equations  (17) 
and  (18)  and  using  Eqs.  (19)  and  (20)  we  obtain 

dp, (z) 

io^v,{z) - - —  =  0  (21) 

dz 

and 

dv  (z)  — 

— (z)  =  0.  (22) 

dz 


This  relation  will  be  used  in  the  next  section.  Principal  re¬ 
sults  of  this  section  are  the  propagation  constant  (26)  and 
characteristic  impedance  (27),  which  for  rectangular  pore 
porous  media  are  to  be  evaluated  with  the  function  F(A) 
given  in  Eq.  (IS). 

II.  MEASUREMENT  OF  THE  PHASE  VELOCITY  AND 
ATTENUATION 

A.  Description  of  the  porous  media 

A  schematic  drawing  of  the  porous  sample  is  shown  in 
Fig.  2.  Each  subsection  of  the  composite  sample  was  of  the 
nominal  length  7.68  cm.  Figure  2  indicates  a  composite  sam- 
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FIG.  2.  (a)  Side  and  (b)  end  view  ofa  square  pore  porous  sample.  To  form 
the  total  sample  several  pieces  of  the  nominal  length  7.68  cm  were  pul  to¬ 
gether.  It  was  not  possible  ta  align  the  squares  from  subsection  to  subsec¬ 
tion. 


pie  made  from  five  individual  pieces.  Individual  pieces  were 
taped  together  at  the  joint.  A  sheet  of  Teflon  was  wrapped 
around  the  composite  to  facilitate  insertion  of  the  sample 
into  the  plane-wave  measurement  tube  and  seal  the  sample- 
tube  interface.  Individual  pieces  were  ceramics  made  by 
Corning. ' '  The  pores  of  each  piece  were  nominally  square  in 
cross  section  and  nominally  straight  in  the  longitudinal  di¬ 
rection. 

Three  different  square  pore  media  were  investigated. 
Table  I  lists  characteristics  of  each.  In  Table  I,  porosity  was 
estimated  using  H  =  (number  of  pores/unit  area)  x  (2a)% 
where  a  is  the  square  semiwidth.  Flow  resistivity  was  com¬ 
puted  using  (see  Ref.  8)  tr  =  iTjq's/a-fl,  where  r  is  a  steady 
flow  shape  factor  s  =  0.89  for  square  pores' '  and  a  tortuo¬ 
sity  ^=1.1  was  estimated  from  fitting  the  theory  and  experi¬ 
ment  for  the  propagation  constants  as  discussed  below.  In 
comparison  with  other  porous  media/  the  square  pore  sam¬ 
ples  have  low  flow  resistivity  and  high  porosity.  The  average 
semiwidths  are  listed  in  Table  I  for  the  200-  and  400- 
pores/in.'  material,  for  which  the  pore  cross-sectional  shape 
is  well  approximated  as  a  square.  However,  due  apparently 
to  differences  in  the  manufacturing  process,  the  pores  of  the 
300-pores/in.  ^  samples  were  not  well  approximated  by  a 
square  shape.  Two  opposite  comers  of  the  otherwise  square 
shape  were  rounded.  The  semiwidth  ofa  =  0.50  mm  listed  in 
Table  I  for  the  300-pores/in.  ^  samples  was  determined  from 
the  shortest  diagonal  length  divided  by  (2'^^}.  No  explicit 
use  was  made  of  the  calculated  flow  resistivity  in  the  theory 
for  the  propagation  constants. 

B.  Expeiim«ntal  apparatus 

A  block  diagram  for  the  experimental  apparatus  used  to 
determine  the  attenuation  and  phase  velocity  of  sound  in 
porous  media  is  shown  in  Fig.  3.  A  single  cycle  of  a  sine  wave 


TABLE  I.  Geometrical  properties  of  the  three  porous  samples  used. 


Pores/unil  area 
(in.  ■) 

Semiwidth  a 
(mm) 

Porosity  11 
(%) 

Flow  resistivity  a 
(Nm  *s) 

200 

0.77 

73 

368 

300 

O.JO 

47 

1356 

400 

0.57 

81 

606 

SQUARE  PORE 
COMPOSITE  SAMPLE 

1^'  —  -  6.09  meters 

|-~60cm-j 


CAPACmVE 

DRIVER 


^-60cm— j 


FIG.  3,  Block  diagram  of  the  apparatus  used  to  determine  the  phase  velocity 
and  attenuation  of  sound  in  low  flow  resistivity,  high  porosity  samples. 


of  duration  1.3  ms  (for  a  center  frequency  of  750  Hz)  was 
generated  using  a  function  generator.  The  signal  was  ampli¬ 
fied  and  was  added  to  a  dc  polarizing  voltage  of  125  V.  The 
capacitive  driver  consisted  of  an  aluminized  mylar  mem¬ 
brane  stretched  over  a  grooved  backplate.'*  A  Teflon  ring 
around  the  perimeter  of  the  driver  was  used  to  hold  the  my¬ 
lar  in  place  and  seal  the  driver  inside  the  tube.  The  tube  was 
made  of  aluminum  and  had  a  length  of  6.09  m,  an  inside 
diameter  of  14.6  cm,  and  a  wail  thickness  of  1. 1 1  cm.  Holes 
were  made  and  threaded  in  the  tube  60  cm  from  each  end  and 
the  microphones  were  inserted  to  be  flush  with  the  inner  tube 
wall.  A  minicomputer  with  a  12-bit  analog-to-digital  board 
was  used  to  record  and  analyze  the  amplified  microphone 
signals.  The  digitizing  rate  was  300  kHz.  The  function  gener¬ 
ator  was  used  to  trigger  the  minicomputer  and  30  pulses 
were  averaged  in  the  time  domain  for  each  measurement. 
The  purpose  of  microphone  2  was  to  give  a  reference  time 
and  space  location  for  a  pulse  traveling  in  the  empty  tube,  so 
that  the  ambient  sound  speed  could  be  determined  from  the 
pulse  arrival  time  at  microphone  1. 

A  single  microphone  measurement  method  was  used  to 
determine  the  propagation  constants  in  the  square  pore  me¬ 
dia.  Figure  4(a)  shows  microphone  1  measurement  of  pulses 
with  and  without  a  sample  present  in  the  tube.  As  expected, 
the  pulse  measured  with  the  sample  present  is  delayed  in 
time  and  attenuated  on  account  of  passage  through  the  po¬ 
rous  media.  The  Fourier  transform  of  a  typical  pulse  indicat¬ 
ed  that  the  pressure  level  was  about  20  dB  above  the  back¬ 
ground  for  frequencies  in  the  range  200-1 3(X)  Hz.  The  cutoff 
frequency '  above  which  nonplanar  modes  can  propagate  in 
the  tube  is  1376  Hz. 

C.  Determination  of  attenuation  and  phase  velocity  by 
the  transfer  function  method 

Denote  by  p„(t}  the  incident  pressure  pulse  at  the  right 
end  of  the  sample  and  denote  by  /?„  ( /).the  Fourier  trans¬ 
form  of/?,,!/).  Thespectru  (/)  after  passage  through  a 
sample  of  length  D,„  is 
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FIG.  4.  (a)  Sample  waveforms  for  microphone  I  with  and  without  the  po¬ 
rous  material  in  the  tube.  The  porous  media  was  constructed  as  shown  in 
Fig.  2.  (b)  Expanded  schematic  view  of  the  tube  and  porous  sample  in  Fig. 
3.  The  Fourier  transform  after  the  incident  pulse  pa.vses  through  the  sample 


P,„  ( / )  =  P(.  ( / )  exp( ) 


1  -  exp(2/A:Z),„)  ’ 

(29) 


where  is  Che  frequency  dependent  pressure  reflection  coef¬ 
ficient  ( 28 )  and  k  is  the  complex  wave  number  for  the  po¬ 
rous  media  (26).  Since  the  tube  has  a  large  diameter  we 
approximate  the  characteristic  impedance  of  the  tube  by 
where  c  is  the  adiabatic  sound  speed  in  air.  The  exp(ikD,„ ) 
factor  accounts  for  propagation  through  the  sample,  the 
(1  —  f  ^ )  factor  is  for  transmission  into  and  out  of  the  sam¬ 
ple,  and  the  denominator  accounts  for  the  multiple  reflection 
of  waves  within  the  sample. 

In  Eq.  (29)  the  subscript  m  refers  to  the  number  of 
subsections  used  for  a  measurement.  For  example,  m  =  S  in 
Figs.  2  and  3.  We  may  form  a  transfer  function  from 

the  results  of  two  experiments  on  different  porous  sample 
lengths.  The  Fourier  transform  of  the  time  domain  pulses 
recorded  by  microphone  I  in  Fig.  4  ( b )  for  two  different  sam¬ 
ple  lengths  gives,  from  use  of  Eq.  (29),  a  transfer  function 

=Pmi/VPii/)=np[i(k-k„)(D,„  -D,)], 

(30) 

where  Aeq  =  cj/c  is  the  wave  number  forsound  in  air  and  k  is 
given  in  Eq.  (26).  In  Eqi  (30)  the  single  subsection  spec¬ 
trum  piif)  was  used  as  a  reference  to  divide  out  the  fre¬ 
quency  response  of  the  capacitive  driver  and  microphone, 
and  the  transmission  coefficient  (I  —  r^)  in  Eq.  (29).  The 
second  part  of  Eq.  ( 30)  is  an  approximation  because  we  have 
assumed  [(1  —  r  J  exp  2/A:/),  )/(l  —  r\txp2ikD„)]^\. 
The  reflection  coefficient  in  Eq.  (28)  is  significantly  less 
than  1  for  two  reasons.  First,  |F(/l)|sl  for  the  frequency 
range  of  the  present  experiment  as  a  consequence  of  the  low 
flow  resistivity  of  the  square  pore  samples  used.  Second,  for 
the  square  pore  material  the  porosity  fl  is  large.  Hence  by 


Eq.  (28)  we  expect  r  ^  =:0.  Measurements  of  with  micro¬ 
phone  2  in  Fig.  3  for  a  nominal  frequency  of  750  Hz  gave 
|rp|~(0.03,  0.05,  and  0.03)  for  the  (200,  300.  and  400)- 
pores/in.’  samples,  respectively. 

The  phase  velocity  and  attenuation  constant  are  com¬ 
puted  from  k  =  <u/Cph  -I-  ia, 

Cph(/)  =2ir//[(Z),„  -D,  )  '  Imln(/i,„)  ], 

(31) 

and 

a(/)  =  -  [20(Z),„  -Z),  )  ”  7ln(10)]  Reln(A,„), 

(32) 

where  is  the  phase  velocity;  a  is  the  attenuation  in 
dB/cm;  and  Re  ln(/i„ )  and  Im  ln(/i,„ )  refer  to  the  real  and 
imaginary  parts  of  ln(Ai,„ ),  respectively. 

Equations  ( 30)-(  32 )  were  used  to  analyze  the  time  do¬ 
main  pulses  to  obtain  experimentally  the  phase  velocity  and 
attenuation  for  the  square  pore  media.  In  all  cxses.  we  aver¬ 
aged  over  30  time  domain  pulses  before  taking  transforms. 
We  also  used  five  subsections,  so  that  m  =  5  in  Eqs.  (30)- 
(32)  and  (D„  —  Z), )  =  30.7  cm  nominally.  Since  a  transfer 
function  technique  was  used,  it  was  not  necessary  to  deter¬ 
mine  the  pressure  absolutely  or  the  frequency  response  of  the 
microphone.  A  central  assumption  that  was  verified  experi¬ 
mentally  was  the  repeatability  of  any  pulse  measurements 
sincep,  (r)  and p,  (/)  were  measured  at  different  times.  The 
experimental  results  for  the  three  different  pore  sizes  given  in 
Table  1  are  displayed  in  Fig.  5.  The  experimental  technique 
described  here  is  similar  to  a  method  used  by  Ding ' '  to  mea¬ 
sure  the  reflection  coefficient  of  absorbents. 

An  error  analysis  can  be  made  by  using  an  unapproxi¬ 
mated  transfer  function  for  Eq.  ( 30)  in  Eqs.  (31)  and  ( 32 ) . 
Let  A  =  r*  [txp(2ikD,„ )  ■  txpdikDx  )  ].  The  fractional 
error  in  phase  velocity  that  occurs  due  to  the  approximation 
inEq.  (30)  is<5,  sIm  Acph  (/)/[27r/(Z),„  —  /),  )  j.Similar- 
ly,  for  attenuation,  5„~0.2  Re  A/ [a(/)ln  10(Z),„  -£),)]. 
where  {D,„  —  Z), )  is  in  meters.  Use  of  representative 
numbers  for  the  200-in.  '  material  gives  5,  1  %  and 

<5„  =:7%.  To  improve  on  the  error.  Z),„  and  Z),  should  both 
be  uniformly  increased.  The  errors  introduced  by  making 
the  approximation  in  Eq.  (30)  are  the  greatest  source  of 
error. 

III.  DISCUSSION  OF  EXPERIMENTAL  AND 
THEORETICAL  ATTENUATION  AND  PHASE  VELOCITY 

The  experimental  and  theoretical  attenuation  and  phase 
velocity  were  determined  from  use  of  Eqs.  (30)-(32)  and 
(26),  respectively,  and  k  =  aj/Cj,t,  +  ia.  Figure  5(a)  and 
( b)  shows  the  experimental  and  theoretical  attenuation  con¬ 
stant  and  phase  velocity.  For  the  theory,  the  physical  con¬ 
stants  used  were  y=  1.4,  =0.707.  p„  =  1.2  kg/m  '. 

Tl  =  1.85  X  10  '  kg/(m  s),  and  the  adiabatic  sound  speed  c 
from  the  propagation  time  of  a  pulse  between  microphones  I 
and  2  in  Fig.  3  with  no  sample  in  the  tube. 

To  obtain  the  acceptable  agreement  among  theory  and 
experiment  indicated  in  Fig.  5(a)  and  (b).  a  tortuosity  of 
9=1.1  was  used.  Referring  to  Eq.  (26)  for  the  propagation 
constant  k,  note  that  the  effect  of  tortuosity  (which  is  95- 1 ) 
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FIG.  S.  ( a )  Expenmentaf  and  theorelical  actenualion  and  ( b )  phase  veloc¬ 
ity  for  the  three  square  pore  semiwidths  given  in  Table  I.  The  solid  symbols 
are  experimental  points.  The  squares,  circles,  and  triangles  are  the  200-. 
400-.  and  300-in.  •  results.  The  error  in  ( a )  was  estimated  to  he  twice  the 
size  of  (he  square  symbols.  A  representative  error  bar  is  shown  in  (b). 


is  to  increase  the  attenuation  a  and  decrease  the  phase  veloc¬ 
ity,  as  one  would  intuitively  expect.  The  calculated  propaga¬ 
tion  constant  for  a  tortuosity  q  =  I  results  in  an  attenuation 
10%  lower  than  the  measured  value  and  a  phase  velocity 
10%  above  the  measured  value.  The  discrepancy  between 
experimental  and  theoretical  phase  velocity  in  Fig.  S(b)  for 
the  300-pores/in.'  samples  having  pores  of  semiwidth  0.30 
mm  may  be  due  to  the  irregular  shape  of  the  pore  cross  sec¬ 
tion,  as  described  in  Sec.  II  A. 

Pores  that  have  a  tortuosity  other  than  1  have  a  radius 
which  is  not  constant  along  the  pore,  a  slight  curvature  or  tilt 
with  respect  to  the  axis  normal  to  the  surface,  or  are  in  a 
material  for  which  the  rigid  frame  assumption  is  not  valid.’ 
In  the  ceramic  square  pore  material  used  in  the  experiment, 
the  pores  were  straight  and  the  pore  wails  had  a  density  and 
stiffness  much  greater  than  that  of  air.  However,  the 
semiwidth  of  the  squares  as  determined  with  a  measuring 
microscope  at  the  sample  surface  varied  by  approximately 
3%  from  the  average  value.  This  variation  could  result  in  a 
tortuosity  other  than  1  if  the  3%  radius  variation  also  ex¬ 
tended  down  a  single  pore.  Another  possibility  for  a  tortuo¬ 
sity  other  than  1  is  that  the  ceramic  pore  walls  were  also 
porous.  Use  of  a  measuring  magnifying  glass  indicated  that 
the  pore  walls  were  indeed  porous,  with  an' average  pore 
diameter  of  ^bout  73  /zm  and  pores  as  large  as  100 /um.  Wail 


pores  were  spaced  by  about  1 30  /zm.  Apparently,  the  wall 
pores  did  not  connect  adjacent  square  pores.  Intuitively,  it 
seems  that  the  effects  of  porous  walls  would  be  to  increase 
the  compressibility  of  the  gas  and  hence  decrease  the  phase 
velocity.  The  attenuation  would  also  increase,  which  is  what 
was  observed  experimentally.  Champoux''’  reported  a  tor¬ 
tuosity  of  1.2  for  the  200-  and  400-pores/in.'  samples  using  a 
nonacoustical  technique.'^ 

It  was  not  possible  to  align  the  pores  in  neighboring 
subsections  of  the  composite  sample,  as  discussed  in  Sec. 
II  A.  To  investigate  the  effects  of  misalignment,  attenuation 
and  phase  velocity  were  measured  for  composite  samples 
consisting  of  one  to  five  subsections.  In  the  single  subsection 
measurement  the  reference  for  the  transfer  function  in  Eq. 
(30)  was  taken  to  be  the  empty  tube  signal.  The  discrepancy 
between  these  measurements  was  less  than  3%  and  showed 
no  systematic  trends.  Sample  misalignment  was  probably 
not  the  cause  of  an  apparent  tortuosity  greater  than  1 . 

IV.  DYNAMIC  SHAPE  FACTOR  FOR  SQUARE  PORES 

The  hypothesis  of  Attenborough’s’  cylindrical  capil¬ 
lary-tube-based  porous  media  theory  was  that  a  circular 
pore  of  radius  a/n,  where  n  is  known  as  the  dynamic  shape 
factor,  could  be  made  acoustically  equivalent  to  another 
pore  of  characteristic  radius  a  by  proper  choice  of  /t.  The 
condition  for  acoustical  equivalence  is  taken  to  be 

Imp..(/l/n)  =  Imp,(/l),  (33) 

where  we  recall  that  A.  =  for  a  circular  pore  of 

radius  a  or  a  square  pore  of  semi  width  a  and  subscripts  c  and 
s  refer  to  circular  and  square  pores,  respectively.  This  condi¬ 
tion  occurs  since  the  imaginary  part  of  the  complex  density/? 
is  very  large  for  small  A  and  thus  determines  the  behavior  of 
the  propagation  constants  and  impedance  for  small  A.’ 

The  complex  density  is  given  generally  for  rectangular 
pores  in  Eq.  (19).  For  square  pores  of  semiwidth  a  the  func¬ 
tion  F", (A)  is 

F^(A)  =  —  y  - ! - 

1T*  m^n^[  I  +  (i;r/4A  ')(m'  -|-  n')  ] 

(34) 

from  Eqs.  ( 14)  and  ( 13)  for  the  special  case  a  =  b.  For  cy¬ 
lindrical  pores,' 

F,(A/n)  =  I  -  [2/V7(A/n)][y,  (^A/n)/y„(v7A/n)], 

(33) 

where  the  dynamic  shape  factor  n  has  been  inserted  and  the 
J's  are  Bessel  functions.  The  range’  of  n  is  thought  to  be 
0.3<n<  I.  The  dependence  of  n  on  the  shear-wave  numberA 
is  shown  in  Fig.  6. 

The  shear-wave-number  range  in  our  experiments  was 
4.3  <A  <  1 8.  As  indicated  in  Fig.  6,  n  is  a  frequency  dependent 
parameter,  which  has  been  previously  noted.’  Choosing  a 
representative  value  of  A  =  4.532,  the  corresponding  value 
of  the  dynamic  shape  factor  is  n  =  0.97.  Propagation  con¬ 
stants  are  shown  in  Fig.  7  for  square  and  circular  pore  theo¬ 
ries,  where  the  value  n  =  0.97  was  used.  Propagation  con¬ 
stants  for  circular  pores  were  computed  from  the  use  of  Eq. 

( 35 )  for  /"(A )  in  Eq.  ( 26 )  for  k.  There  is  less  than  I  %  differ- 
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FIG.  6.  Oynumic  shape  factor  u  to  scale  between  the  square  and  circular 
pores  of  semiwidth  a  and  radius  a/ii.  respectively. 


ence  between  the  propagation  constants  calculated  with 
these  theories. 


V.  CONCLUSION 

We  have  developed  a  model  for  porous  media  consisting 
of  rectangular  pore  capillary  tubes.  We  accounted  for  vis¬ 
cous  and  thermal  dissipation.  A  series  solution  was  obtained 
for  the  transverse  variation  of  the  longitudinal  velocity  and 


FREQUENCV  (Hz) 

FIG.  7  (a)  Allcnualion  and  (h)  phase  veliicilv  cnmpiilcd  using  a  stpiarc 
pure  (siilid  line)  of  semiwidth  </  -  0,50  nini  and  a  circular  pure  (dashed 
line)  of  radius  u  -  0.50  mm/«.  where  n  -  0  07  is  a  dynaniie  shape  iaetor. 


the  excess  temperature.  A  measurement  technique  using  fre¬ 
quency  domain  analysis  of  short  pulses  propagated  through 
high  porosity,  low  flow  resistivity  samples  was  developed  for 
determining  propagation  constants.  Propagation  constants 
were  measured  for  a  ceramic  porous  media  having  straight 
capillary  tube  openings  with  square  cross  sections.  Use  of  an 
anomalous  tortuosity  factor  q  =  1 . 1  resulted  in  favorable 
agreement  among  experimental  and  theoretical  values  of  the 
propagation  constants.  It  was  argued  that  the  nonunity  tor¬ 
tuosity  value  was  due  to  the  finite  porosity  of  the  ceramic 
pore  walls.  A  dynamic  shape  factor  n  =  0.97  was  suggeited 
as  the  radius  scaling  factor  for  square  and  circular  pore  theo¬ 
ries  for  the  frequency  range  (200-1300  Hz)  and  pore  sizes 
(0.50-0. 77-mm  semiwidth  square  pores)  of  this  investiga¬ 
tion.  Future  work  will  involve  an  investigation  of  the  anoma¬ 
lous  tortuosity  and  propagation  constant  measurements  on 
longer  samples. 
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Theoretical  treatments  of  thermoacoustics  have  been  reported  for  stacks  with  circular  pore  and 
parallel  plate  geometries.  A  general  linear  formulation  is  developed  for  gas-filled 
thermoacoustic  elements  such  as  heat  exchangers,  stacks,  and  tubes  having  pores  of  arbitrary 
cross-sectional  geometry.  For  compactness  in  the  following,  F  represents  the  functional  form  of 
the  transverse  variation  of  the  longitudinal  particle  velocity.  Generally,  Fis  a  function  of 
frequency,  pore  geometry,  the  response  functions  and  transport  coefficients  of  the  gas  used, 
and  the  ambient  value  of  the  gas  density.  Expressions  are  developed  for  the  acoustic 
temperature,  density,  particle  velocity,  pressure,  heat  flow,  and  work  flow  from  knowledge  of 
F.  Heat  and  work  flows  are  compared  in  the  short  stack  approximation  for  stacks  consisting  of 
parallel  plates,  circular,  square,  and  equilateral  triangular  pores.  In  this  approximation,  heat 
and  work  flows  are  found  to  be  greatest  for  the  parallel  plate  stack  geometry.  Pressure  and 
specific  acoustic  impedance  translation  theorems  are  derived  to  simplify  computation  of  the 
acoustical  field  quantities  at  all  points  within  a  thermoacoustic  engine.  Relations  with 
capillary-pore-based  porous  media  models  are  developed. 

PACS  numbers:  43.3S.Ud,  43.28.ICt 


INTRODUCTION 

In  a  broad  view,  thermoacoustics  can  be  regarded  as  the 
study  of  effects  due  to  the  interaction  of  heat  and  sound.  A 
large  and  growing  subbranch  is  concerned  with  thermoa¬ 
coustics  in  fluid-filled  (gas  and  liquid)  resonators  though 
observations  of  heat-driven  oscillations  in  tubes  date  back  to 
at  least  the  late  18th  century.  A  full,  linear,  theoretical  inves¬ 
tigation  of  these  oscillations  was  performed  first  by  Rott.' 
The  reciprocal  mode  of  operation,  which  uses  a  sound  wave 
in  a  resonator  to  transport  heat  from  cold  to  hot  as  in  a 
refrigerator,  has  also  been  of  recent  interest.  This  thermoa¬ 
coustic  streaming  has  its  analogy  in  acoustic  streaming, 
which  is  the  D.C.  transport  of  momentum  by  an  acoustic 
wave.  Merkli  and  Thomann^  found  experimental  verifica¬ 
tion  for  their  theory  of  thermoacoustic  streaming  in  a  driven 
resonance  tube.  Rott  and  Merkli  and  Thomann  were  mainly 
interested  in  thermoacoustic  effects  in  a  single  tube  having  a 
circular  cross  section.  Rott  and  Zouzoulas^  also  investigated 
thermally  driven  acoustic  oscillations  for  circular  tubes  with 
variable  cross-sectional  area. 

Wheatley,  Cox,  Swift,  Holler,  and  othen  have  deve- . 
loped  the  connection  between  the  acoustical  portion  of  ther¬ 
moacoustics  and  a  broader  thermodynamics  point  of  view. 
.Swift*  has  reviewed  much  of  this  work,  from  fundamentals 
to  state-of-the-art.  Thermoacoustic  elements  such  as  heat 
exchangers  and  a  stack,  as  shown  in  Hg.  1  (a),  are  used  to 
investigate  prime  movers  and  heat  pumps.  In  the  thermo¬ 
dynamic  point  of  view  heat  exchangers  and  stacks  are 
thought  of  as  heat  reservoirs  and  engines,  respectively.  This 


‘’This  work  was  piesenied,  in  part,  at  the  1 20th  Meeting  of  the  Acoustical 
Society  of  America  [  J.  Acoust.  Soc.  Am.  Suppl.  I  88,  S96  ( 1990)  |. 


point  of  view  enhances  the  understanding  of  thermoacous¬ 
tics  and  is  very  helpful  in  evaluating  practical  devices. 

An  exposed  view  of  a  thermoacoustic  element  is  shown 
in  Fig.  1(b).  Thermoacoustic  elements  consist  of  a  parallel 
combination  of  many  elementary  capillary  tubes  or  pores.  In 
Fig.  1(b)  die  pores  have  square  cross  sections.  The  theory 
for  a  thermoacoustic  heat  engine  is  built  up  from  knowledge 


cold  hot 


acoustic  heat  heat 

driver  exch  stack  exch 


lb)  exposed  view  of  a  thermoacoustic  element 


single  ^ubitra^y•perimeter  tube  of  a 
thermoacoustic  element 


nC.  I.  (a)  Generic  arrangement  used  in  thermoacoustic  heat  engines. 
Thermoacoustk  elements  are  the  heat  exchangers,  resonator  sections,  and 
stacks,  (b)  An  exposed  view  of  a  thermoacoustic  element  consisting  of  a 
parallel  combination  of  square  capillary  tubes,  (c )  A  single  arbitrary-peri¬ 
meter  capillary  tube  for  use  in  a  thermoacoustic  element. 
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of  thermoacoustic  effects  in  a  single  capillary  tube.  Both 
Rott’  and  Swift^  considered  thermoacoustic  effects  for 
acoustic  oscillation  between  parallel  plates. 

The  initial  intent  of  this  study  was  to  investigate  ther¬ 
moacoustic  effects  in  a  stack  having  square  pores  as  shown  in 
Fig.  1(b).  Inexpensive  sources  of  square  pore  stack  material 
are  ceramic  monolithic  catalyst  supports  often  used  in  auto¬ 
mobile  catalytic  converters.*  This  ideal-geometry  material 
was  previously  used  to  verify  first-principles  theory  for 
sound  propagation  in  porous  media.^  Since  ceramic  has  a 
low  thermal  conductivity  in  comparison  to  most  metals,  it  is 
attractive  for  use  as  a  stack  as  parasitic  heat  loss  due  to  ther¬ 
mal  conduction  reduces  efficiency. 

In  this  paper,  thermoacoustics  is  investigated  for  stacks 
having  arbitrary  pore  geometries  (parallel  plates,  rectangu¬ 
lar  pores,  equilateral-triangle  pores,  circular  pores,  etc. ).  In 
particular,  our  interest  is  in  the  following  question:  What  are 
the  minimum  necessary  calculations  to  describe  the  acoustics 
of  gas-filled  thermoacoustic  elements  made  of  arbitrary-peri¬ 
meter  capillary  tubes'!  An  example  of  an  arbitrary-perimeter 
capillary  tube  is  shown  in  Fig.  1(c).  Rott’  pursued  this  ques¬ 
tion  to  the  point  of  computing  the  acoustical  quantities  for 
parallel  plate  and  circular  pore  geometries.  Here,  the  acous¬ 
tic  field  quantities  and  the  second-order  energy  flow  are  con¬ 
sidered  for  arbitrary  perimeter  pores.  Heat  and  work  flows 
are  compared  in  the  short  stack  approximation  for  stacks 
having  the  aforementioned  pore  geometries  to  investigate 
the  effects  of  pore  geometry.  In  addition,  connections  are 
established  between  thermoacoustic  theory  and  capillary- 
tube-based  porous  media  theory.  An  analogous  investiga¬ 
tion  has  recently  been  performed  for  porous  media  by  Stin¬ 
son.* 

Once  the  acoustical  properties  of  the  separate  thermoa¬ 
coustic  elements  have  been  determined,  the  elements  must 
be  connected  in  series  inside  of  a  resonator  as  shown  in  Fig. 
1(a).  Previously,  numerical  integration  of  the  acoustical 
equations  was  used  to  compute  field  quantities  in  the  stack 
since,  in  general,  a  temperature  gradient  exists  from  one  end 
to  the  other.  The  physical  parameters  of  ambient  density, 
viscosity,  sound  speed,  thermal  conductivity,  etc.,  are  tem¬ 
perature  dependent  and  thus  depend  on  location  within  the 
stack.  Here,  specific  acoustic  impedance  and  pressure  trans¬ 
lation  theorems  are  developed  to  compute  all  acoustical  field 
quantities  and  energy  flow  at  each  point  in  the  resonance 
tube  shown  in  Fig.  1(a).  Translation  theorems  are  relations 
between  specific  acoustic  impedance  or  pressure  at  location  z 
and  the  value  of  these  quantities  at  a  different  location  z  —  d. 
Using  the  translation  theorem  approach  it  is  easy  to  analyze 
com)>licated  systems,  e.g.,  a  resonator  containing  a  refrigera¬ 
tion  stack,  a  prime  mover  stack,  and  heat  exchangers. 

Section  I A  contains  the  basic  fluid  equations  and  as¬ 
sumptions.  The  force  equation  is  considered  in  Sec.  I B  and 
the  transverse  temperature  profile  is  given  in  Sec.  I C.  A 
differential  equation  is  given  for  the  the  acoustic  pressure  in 
Sec.  I D.  Sections  I A-I  D  apply  to  a  single  capillary  tube  of 
arbitrary  perimeter.  The  specific  acoustic  impedance  and 
pressure  translation  theorems  are  developed  in  Sec.  I E  for 
thermoacoustic  elements.  Expressions  are  given  in  Sec.  I  F 
for  heat  and  work  flows  in  terms  of  pressure  and  specific 
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acoustic  impedance.  A  numerical  analysis  technique  for  the 
present  formulation  is  given  in  Sec.  I  G.  An  application  of 
the  theory  is  given  in  Sec.  II  where  heat  and  work  flows  are 
computed  in  the  short  stack  approximation  for  stacks  having 
a  variety  of  pore  cross  sections.  Here,  the  emphasis  is  on 
investigating  the  effects  pore  geometry  have  on  heat  and 
work  flows. 

I.  PROPAGATION  IN  THERMOACOUSTIC  ELEMENTS 

The  name  stack  was  originally  descriptive  of  the  parallel 
plate  arrangement  used  for  the  thermoacoustic  element 
which  possibly  has  a  temperature  gradient  down  it.  The 
pores  in  the  parallel  plate  arrangement  are  described  in  their 
transverse  direction  as  parallel  plates  and  as  straight  tubes  in 
their  longitudinal  direction  [the  z  direction  in  Fig.  1(c)]. 
For  arbitrary  pore  geometries,  the  stack  or  heat  exchangers 
can  be  described  as  a  section  of  a  porous  medium.  In  this 
section,  the  fluid  field  equations  and  assumptions  necessary 
to  treat  the  general  case  are  established.  An  equation  for  the 
pressure  in  a  single  pore  is  established.  Enroute,  reference  is 
made  to  the  terminology  used  in  acoustical  modeling  of  por¬ 
ous  media.  With  the  specific  acoustic  impedance  assumed 
known  at  the  hot  end  of  the  stack,  impedance  and  pressure 
translation  theorems  are  derived  for  the  stack.  Heat  and 
work  flows  are  computed  for  arbitrary  pore  geometries  and 
are  expressed  in  terms  of  pressure  and  specific  acoustic  impe¬ 
dance. 

A.  Fluid  field  equations  and  assumptions 

The  transverse  coordinates  in  a  pore  are  taken  to  be  x 
and  y,  and  the  longitudinal  coordinate  is  z  as  shown  in  Fig. 

1  (c).  The  ambient  temperature  is  taken  to  be  a  function  of  z 
in  the  stack.  Assumed  is  that  the  pore  wails  are  of  sufficiently 
high  heat  capacity  and  thermal  conductivity,  in  comparison 
to  that  of  the  gas,  that  the  pore  wail  temperature  is  locally 
unaffected  by  temperature  variations  in  the  gas  caused  by  an 
acoustic  wave.  Also  assumed  are  that  constant  frequency 
pressure  variations  exist  in  the  pore  and  that  the  pore  walls 
are  rigid  and  nonporous.  The  pore  is  taken  to  be  infinitely 
long  in  the  z  direction.  With  these  assumptions,  the  task  is  to 
derive  the  pore  acoustic  field  to  first  order  in  the  acoustic 
variables. 

The  fluid  quantities  in  a  pore  approximated  to  first 
order  are 

P{z,t)  =  Fo  P,  (z)exp(  -  icat),  ( 1 ) 

y{x,yj:,t)  =  [T,(x,ywr)  +  t;,(x,y,z)z]exp(  -icjt),  (2) 
T{x^^,t)  =  To(z)  -I-  r,  (x,y,z)exp(  -  iwt),  (3) 
s(.x,ya,t)  =  Jo(^)  +ii  (xoi,z)exp(  -  icol),  (4) 

p(x^^,t)  =polz)  -hp,  (xji,z)exp(  -  itot).  (5) 

In  order,  Eqs.  ( 1  )-(4)  are  the  approximations  to  first  order 
for  pressure,  particle  velocity,  temperature,  entropy,  and 
density.  Acoustic  waves  of  radian  frequency  o)  are  assumed. 
Where  shown,  subscript  0  indicates  ambient  values  and  sub¬ 
script  1  the  acoustic  or  first-order  values.  In  Eq.  (2), 

Amott  »t  at. :  Thermoacoustics  o(  stacks 


3229 


3229 


(x^^)  and  V,  (x,ya)  are  the  transverse  and  longitudinal 
components  of  particle  velocity.  The  ambient  temperature 
Tg  (z)  is  assumed  to  depend  on  z.  Note  the  definition  to  be 
used  frequently  below:  Tg,  =dTo  (z)/dz.  The  ambient  den¬ 
sity  in  Eq.  (S)  also  depends  on  position  z.  Because  of  the 
ambient  temperature  gradient  physical  parameters  includ¬ 
ing  density,  viscosity  17,  thermal  conductivity  k,  adiabatic 
sound  speed  c,  and  the  coefficient  of  thermal  expansion 
ff——  (dp/dT)^/po  also  depend  on  position. 

The  Navier-^tokes  fluid  field  equations  are  given  for 
example  in  Ref.  9.  The  Navier-Stokes  equations  can  be  sim¬ 
plified  to  model  sound  propagation  in  narrow  tubes.  Physi¬ 
cally,  the  transverse  variation  (in  the  tube  cross  rection)  of 
particle  velocity,  temperature,  etc.,  is  much  greater  than  the 
longitiidinal  variation  (down  the  tube)  due  to  the  close 
proximity  of  walls  where  boundary  conditions  must  be  met. 
For  constant  frequency  waves,  the  approximate  set  of  fluid 
field  equations  to  first  order  are 


-  icjpoO,  (x,yx)  =  -  (x,y^),  (6) 

dz 

-  uup,  (x^v,z)  -I — i - - - - 

dz 

+  Po(Z)^r'^r(XJ>a)  =0,  (7) 

p,  (x^a)  =  ~Pa(2)0Tt  (x^^)  -I-  (y/dlP,  (2),  (8) 

(x^^)  =  (Ci,/To)r,  (x^a)  -  W/pc)P\  («).  (9) 

and 

-  /6jpo  r,  i.x,ya)  +  Po  WCfV,  (x^a)  To. 

=  -  iafiToPy  (2)  {x^a),  ( 10) 


where  the  transverse  gradient  and  Laplacian  operators  are 
defined  by  V,  =  5  /dx  x-^d  /dy'yvai  =  {d  ^  V 

dy^),  Cp  is  the  isobaric  heat  capacity  per  unit  mass,  and  y  is 
the  ratio  of  specific  heats.  In  order,  these  equations  approxi¬ 
mately  express  the  2  component  of  the  equation  of  motion, 
continuity  or  mass  conservation,  equations  of  state  for  den¬ 
sity  and  entropy,  and  heat  transfer.  Except  for  the  T^.  terms 
in  Eq.  ( 10),  these  are  the  equations  for  the  low  reduced- 
frequency  approximation'*’  given  by  Zwikker  and  Kosten" 
in  their  solution  for  the  propagation  of  sound  in  circular 
pores.  In  the  derivation  of  Eq.  ( 10),  the  convective  deriva¬ 
tive  for  the  entropy  is  evaluated  using  the  equation  of  state 
Eq.  (9)  and  the  relation  yf'Vs  =  o.(x^,z)dSo(z)/dz  =  Cf 
Xv.{xj^^)  T0./T0.  Equation  (10)  expresses  that  the  tem¬ 
perature  at  a  fixed  position  changes  due  to  motion  of  the 
ambient  fluid,  due  to  compression  of  the  gas,  and  due  to  heat 
conduction.  Further  discussion  of  these  equations  and  the 
validity  of  the  approximations  may  be  found  in  Refs.  4,  g, 
and  10. 

Several  variations  in  notation  should  be  noted.  First,  the 
viscous  and  thermal  boundary  layer  thicknesses  are  given  by 
<5v  =*  (2i7/<apo)'^  "*<1  =  (.2ic/apoCi,)''\  Swift^  writes 

most  equations  in  terms  of  and5,.Tijdeman'*’  and  Atten¬ 
borough'^  introduce  a  dimensionless  “shear  wave  number” 
A  ^  Rlpoa//ff)''^orA  2 where/?  is  a  character¬ 
istic  transverse  dimension  of  the  pore.  They  also  use  the  di¬ 
mensionless  thermal  disturbance  number  Ar  =  R(po<vc^/ 


#f)''^oryi,  =  l'''R  /8,  for  the  ratio  of  the  pore  radius  to  the 
thermal  boundary  layer  thickness.  Use  of  the  Prandtl  num¬ 
ber  =  ;;Cp  A  gives  the  relation /i,  = For  definite¬ 
ness,  take  /?  to  be  twice  the  ratio  of  the  transverse  pore  area 
to  the  pore  perimeter  so  for  a  circular  or  square  pore,  /?  is  the 
pore  radius.  This  value  of  R  is  twice  the  hydraulic  radius  of 
the  pore.  In  this  paper  the  A  and  A ,  notation  is  used. 


B.  Transverso  velocity  profile  in  a  pore 

To  obtain  a  solution  to  the  equation  of  motion,  Eq.  (6), 
the  2  component  of  velocity  is  taken  to  be 


P(x.)rJL)  dPi  {z) 

v.ix^^)  =  -  ■  (11) 

ujpo  dz 

From  the  equation  of  motion,  Eq.  (6),  F(x,y^)  satisfies 

F(x^A)  +  (R  VU  ^)VlF(x,yA)  =  1,  ( 12) 

subject  to  the  boundary  condition  that  F(x,y\A )  is  zero  at  the 
pore  walls.  This  is  the  boundary  condition  on  particle  velo¬ 
city  at  the  pore  wall.  As  will  become  apparent  in  the  following, 
this  is  the  only  differential  equation  which  needs  to  be  solved 
for  determining  the first-order  acoustic  quantities  and  second- 
order  heat  and  work  flows. 

In  anticipation  of  later  developments,  averages  over  the 
pore  cross  section,  defined  for  example  by 
0,(2)  —A  “ '/i>,(x,y,2)dx  dy,  where/4  is  theareaof  the  pore 
cross  section,  are  taken.  Denote  by  v.  (2)  and  F(A )  the  area 
average  of  v.lx,y,z)  and  F(jt,yvl)  over  the  cross  section  of 
the  pore.  The  averaged  equation  of  motion  for  the  fluid  can 
now  be  expressed  simply  as 


v.(.z)  ~ 


iwpoiz) 


(13) 


Capillary-tube-based  porous  media  modeling"  '^  intro¬ 
duces  a  complex  density  p(ry<i )  at  this  point  which  is  defined 
as 


p{z-.A)=Po(z)/FU).  (14) 

The  complex  density  is  the  apparent  dynamical  density  of 
the  fluid  in  the  pore. 


C.  Transverse  temperature  profile  in  a  pore 

The  equation  for  excess  temperature  T,  (jt,y,2)  in  the 
pore  fluid  is  given  by  Eq.  (10).  Algebraic  rearrangement 
followed  by  use  of  the  thermodynamic  relation 
Tofi^/Cf  =  (y  —  1  )/c^  for  the  first  term  on  the  right  and  by 
use  of  (11)  results  in 


r,  (xo>,2)  -I-  {R  Vii  r)V*  r,  (X,y,2) 


y-1 

c'PoP 


P\  (2)  ~^^^  F{x,yM 
Pot^ 


dPj  (2) 
dz 


(15) 


Assume  T^  (x^,z)  can  be  written  in  the  form 

r,(jco^,2)  =  G,(x,yvlr)[(y-  D/c^Pofi  ]P,  (z) 

r-  I  1  :  \  dP^(z) 

-G^(x,y,AAr) - ; — z - ■ 

Po<u-  dz 
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The  excess  temperature  changes  due  to  compression  and  ex¬ 
pansion  of  the  gas  and  from  the  second  term,  displacement  of 
gas  which  can  have  different  ambient  temperatures  on  ac¬ 
count  of  the  temperature  gradient. 

Effects  on  T,  of  thermal  conductivity  and  visco¬ 

sity  are  accounted  for  in  the  dimensionless  functions 
<?o  ( y )  and  <7 (x,y\A.J.  y ) .  For  an  inviscid,  nonthermal- 
ly  conducting  gasG,  =  0,,  =  1.  Use  of  Eq.  ( 16)  splits  Eq. 
(IS)  into  two  equations  corresponding  to  the  two  driving 
terms 

G„(x^^y)  +  (R^/Uy)VlG„(.x,y\Ay)  =  1.  (17) 

G^(xjr,A.^y)  +  (R^/iA.\-)VlG^(x,y^J.y) 

=  F{xyM.  (18) 

The  boundary  condition  is  T^  (x,y^)  =  0  for  x  and y  on  the 
pore  boundary;  therefore,  G,  (xjr^y)  =  0  =  G<, (xjr^Ay) 
on  the  boundary  are  the  boundary  conditions  for  these  func¬ 
tions.  Comparing  Eq.  ( 17)  with  Eq.  ( 12),  the  solution  for 
Eq.  ( 17)  follows  immediately: 

G,  (x,nAy)  =  F(xorAy).  ( 19) 

To  obtain  the  solution  for  G^  (x,y)  in  Eq.  ( 18),  the  differen¬ 
tial  equation  resulting  from  use  of  Eq.  ( 19)  in  Eq.  ( 17)  along 
with  the  differential  equation  for  F(x,y,A. )  in  Eq.  (12)  can  be 
used  to  show  that 

G^{xjr,A.,A.y)  =  [F{x,y^y)  -  N^F{xyM\/{\  -N^). 

(20) 

The  excess  temperature  is 

Ty  (x,yj:)  =  ( (y  -  1  )/c^po0  ]F(x,y,A.y)Py  (z) 

Tq,  F{x,y^y)  -  N^F(x^^)  dPt(2) 

PoOl^  I  -  A^pr 

(21) 

The  equation  of  state  for  the  acoustic  density  fluctu¬ 
ation,  Eq.  (8),  can  be  combined  with  the  expression  for  the 
acoustic  temperature,  Eq.  (21 ),  to  give 

p,  (x,y^)  =  (l/c^)(y-  (r-  l)F(x,y,A.y))P,  (z) 

^0,  F(x,yAy)  -  JV,^F(xjr^)  dP,(z) 
1-Afp,  dz 

(22) 

The  first  term  on  the  right  of  Eq.  ( 22 )  can  be  used  to  define  a 
complex  compressibility. 

When  To.  is  zero,  1^.  (22)  can  be  used  to  define  a  com¬ 
plex  compressibility  which  is  useful  in  porous  media  theory. 
Denote  by  p,  (z),  F(Ay),  and  F(A)  as  the  average  of 
pi  (x^rZ),  Fixjr^y)  and  F(x,yM  over  the  cross  section  of 
the  pore.  Following  the  capillary-tube  approach  of  porous 
media  modeling,'^  the  complex  compressibility  is  defined  as 

C{r^y)=^^,  (23) 

and  from  Eq.  (22),  with  Tq,  =  0,  is  given  by 

Cfzvir)  =  (l/po<^)[r-  iY-  \)F{Ay)].  (24) 

The  cross-sectionally  averaged  density  can  then  be  expressed 


p,  (z)  =poC(r^y)Py  (z) 

/gTo,  FUt)-N^F(A)  dPy(z) 

\-N^  dz  ' 

The  motivation  for  averaging  the  density  over  the  cross  sec¬ 
tion  of  the  pore  becomes  apparent  in  the  next  section. 

D.  Pressure  equation  in  a  pore 

The  continuity  equation,  Eq.  (7),  along  with  the  equa¬ 
tion  of  motion,  Eq.  ( 13),  and  the  equation  of  state  for  the 
density,  Eq.  (2S),  can  be  combined  to  yield  an  equation  for 
the  pressure  in  a  pore.  When  averaging  the  continuity  equa¬ 
tion  over  the  pore  area  the  integral  A  ~  ‘XV^*v,  (x,y,2)dx  dy 
is  encountered.  Use  of  the  divergence  theorem  in  the  x,y 
plane  gives  A  ~'SV ^»i^{x^^)dx dy  =  A  ~ 
X(x^j)dS  =  0s\nce^^(x,ya)  =  0  on  the  perimeter  5  hav¬ 
ing  outward  normal  n.  Consequently,  the  cross-sectionally 
averaged  continuity  equation  for  the  pore  is 

d  . 

— /Vop,  (z)  — (po(z)i;,(z)) 

dz 

=  -uopy  (z)  +po  (z)  V,  (z)  -  /fijoo  (z)  (z)  =  0, 

dz 

(26) 

where  dpo{z)/dz  =  —P(z)  Po(z)  Tq,  was  used  on  the  se¬ 
cond  form.  The  and  dv,/dz  terms  can  be  evaluated  using 
Eq.  (13): 


uo  dzXp^iz)  dz  ) 


Multiplying  Eq.  (27)  by  ioi/FiA)  and  using  Eq.  (25)  for 
p,  (z)  the  equation  for  pressure  is 


F(/i)  dr\  Po  dz  ) 


dPy  (z) 


■\■k(A^y)^Py{z)  =0, 


where 


PT^(F(Ay)/FU)-\\ 


A:(A,Ar)*  =  -^-^[y-(y-l)mr)].  (30) 

(T  F{A) 

In  the  absence  of  a  temperature  gradient  Tg,=0  so 
a{A^  y)  =0.  The  complex  wave  number  in  the  pore  is  then 
given  by  ±  k,  which  is  the  usual  form  found  in  porous  media 
modeling.  '  *  The  form  of  the  equation  for  pressure  is  remin¬ 
iscent  of  the  time  analog  of  a  damped  harmonic  oscillator; 
however,  here  a  and  k  are  complex  quantities. 


E.  Sp«cHlc  acoustic  impodanca  and  pressure 
translation  theorems 

It  is  appropriate  to  establish  the  terminology  used  in  this 
section.  The  specific  acoustic  impedance  of  an  acoustical  me- 
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dium  is  equal  to  the  ratio  of  the  total  acoustic  pressure  and 
total  particle  velocity.  For  example,  in  a  fluid  layer,  the  total 
acoustic  pressure  is  a  combination  of  a  downgoing  wave  and 
an  upgoing  wave.  The  acoustic  impedance  is  equal  to  the 
ratio  of  the  total  acoustic  pressure  and  the  total  volume  velo¬ 
city.  For  porous  media  the  appropriate  boundary  conditions 
at  a  surface  are  continuity  of  pressure,  and  continuity  of 
volume  velocity  or  equivalently  continuity  of  acoustic  impe¬ 
dance.'^  For  adiabatic  sound,  the  characteristic  or  intrinsic 
impedance  is  equal  to  c  where  po  ambient  density 
and  c  is  the  adiabatic  sound  speed. 

To  this  point,  propagation  in  a  single  pore  of  infinite 
length  has  been  considered.  Consider  now  a  porous  sample 
[e.g..  Fig.  1(b)  1  consisting  of  a  parallel  combination  of 
many  identical  single  straight  pores  [e.g.,Fig.  1(c)]  of  finite 
length  and  denote  by  N  the  number  of  pores  per  unit  area  in 
the  cross  section.  Define  by  a  bulk  particle  velocity  aver¬ 
aged  over  unit  cross  section  of  porous  sample,  by  A„  the 
vea  of  the  resonator  at  the  face  of  the  sample,  and  by  A  the 
area  ofa  single  pore  in  the  sample.  Volume  velocity  is.>4„ 

=  N  A  A„  V,  —  Cl  A^  V,  where  Cl  =  N  A  is  the  porosity  of 
the  sample.  Thus,  in  the  analysis  of  thermoacoustic  elements 
with  many  pores,  v,  is  replaced  with  V^/Cl  in  all  of  the  single 
pore  equations.  At  boundaries,  F,  (z)  and  (z)  or  equiva¬ 
lently  Z(z)  3=  P{z)/V^{z)  are  continuous,  where  Z(z)  is 
the  specific  acoustic  impedance. 

Rayleigh  developed  an  impedance  translation  theorem 
For  homogeneous  fluid  layers.'^  The  impedance  translation 
theorem  relates  the  specific  acoustic  impedance  at  one  side 
of  a  layer  to  that  at  the  other.  In  this  manner,  one  may  apply 
the  theorem  as  many  times  as  necessary  to  compute  the  spe¬ 
cific  acoustic  impedance  at  any  surface  in  the  layered  media. 
This  translation  theorem  is  applicable  to  heat  exchangers, 
and  resonator  sections,  but  is  not  applicable  to  the  stack  be¬ 
cause  the  physicisd  parameters  such  as  density,  sound  speed, 
etc.,  depend  on  z  in  a  continuous  manner  on  account  of  the 
temperature  gradient.  Impedance  and  pressure  translation 
theorems,  which  take  into  account  the  dependence  of  physi¬ 
cal  parameters  on  position,  will  be  derived  for  the  stack. 

The  relevant  expressions  are  the  average  force  equation 
for  a  bulk  sample  from  Eq.  ( 13 )  and  v,  (z)  =  (z)/Cl, 


uopo 

Cl 


V^{z)=FU) 


dPy  (Z) 

dz 


(31) 


the  definition  of  specific  acoustic  impedance. 


Z(z)  =F,  (z)/V^(z). 


(32) 


and  the  expression  for  pressure,  Eq.  (28).  EliminatingF,  (z) 
and  (z)  from  these  expressions  using  a  procedure  similar 
to  that  of  Ref.  14  gives 


dZ(z) 

dz 


=  /A(z)Z^  (z) 


-H  2a(z)Z(z), 
(33) 


where  a(z)  and  k{z)  are  given  in  Eqs.  (29)  and  (30)  and 
Z,„,  =p„Q}/[ClF{k)k  j  (34) 

is  analogous  to  the  intrinsic  or  characteristic  impedance  of  a 
porous  m^ium.'^  The  combination  of  Eqs.  (31)  and  (32) 
gives 


dPj  (z) 
dz 


=  ik^z)Z,„^  (z) 


F,(z) 

Z(z)  ■ 


(35) 


The  defined  quantities  k,  a,  and  Z,„,  in  Eqs.  (33)  and  (35) 
depend  on  position  because  of  the  temperature  gradient. 

Expressions  (33)  and  (35)  are  a  set  of  coupled  first- 
order  differential  equations  which  can  be  readily  solved  us¬ 
ing  numerical  techniques.  The  well-known  fourth-order 
Runge-Kutta  algorithm  is  a  recommended  numerical 
method.  Assume  given  values  of  F,  (z)  and  Z(z)  at  position 
z  as  shown  schematically  in  Fig.  2.  Then  pressure  and  speci¬ 
fic  acoustic  impedance  are  determined  at  z  —  d  from  use  of 
the  algorithm  F,  (z  — d)  =  RK[F,  (z),Z(z)  ]  and 
Z(z  —  d)  =  RK[Z(z)  ]  where  RK  is  symbolic  notation  for 
the  Runge-Kutta  algorithm.  Thus  this  method  of  determin¬ 
ing  the  pressure  and  impedance  is  similar  to  Rayleigh's  im¬ 
pedance  translation  theorem. 

For  thermoacoustic  elements  not  having  temperature 
gradients  ( such  as  heat  exchangers  and  sections  of  the  reson¬ 
ator),  Rayleigh’s  impedance  translation  theorem can  be 
written  for  porous  media  as 


Z(z-d) 


Z(z)cos(kd)  —  /Z,„,  sin(A:d) 
Zj„,  cos(kd)  —  iZ(z)sinlkd) 


The  pressure  translation  theorem  is 

F,  (z-d)  =F,  (z){cos(A:d)  - /[Z,„,/Z(z)  ]sin(A:d)}. 

(37) 

In  Eqs.  (36)  and  (37),  k  is  the  complex  wave  number  for 
heat  exchangers  or  open  sections  of  the  tube  and  can  be  de¬ 
termined  from  the  porous  media  expression,  Eq.  (30).  Use 
of  these  translation  theorems  will  be  discussed  in  Sec.  I  G. 

Knowledge  of  heat  and  work  flow  is  central  to  thermoa¬ 
coustics.  In  the  next  section,  heat  and  work  flows  are  eva¬ 
luated  for  arbitrary  pore  perimeters  and  are  expressed  in 
terms  of  pressure  and  specific  acoustic  impedance. 


F.  Heat  and  work  flow 

The  time  averaged  energy  flow  to  second  order  ( sub¬ 
script  2)  is* 

^2(z)  =Gj(z)  +  »^2(z) (38) 

where  time-averaged  heat  flow  due  to  hydrodynamic  tran¬ 
sport  is 


z-d  z  z » o 


subMctnnt  0*  a 
dwmoaoousw:  (twTwni 


FIG.  2.  Subsection  of  a  thennoacoustic  element,  shown  here  having  square 
pore  capillary  tubes.  For  the  stack  thennoacoustic  element,  an  arbitrary 
number  of  subsections  may  be  used  in  spanning  the  temperature  difference 
at  the  ends  of  the  stack. 
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Q; (z)  =  -  Re r  {poC^u,(x<y^)T^(x,y^) 
2  A  Ja 


~  0TaU,  (x,y^)P^(z)  \dx  dy\ 


(39) 


the  heat  flow  due  to  conduction  down  a  temperature  gra¬ 
dient  is 

CloM  ^  res ^gwi  ^Ox  "i“  (  ^  ^^^res^sleck  ^Ox* 

(40) 

and  the  time-averaged  work  flow  (or  power)  is 

,(jco»^)/»7(2)dx</v.  (41) 


Here,  is  the  cross-sectional  area  of  the  resonance  tube  at 

point  z,  A  is  the  cross-sectional  area  of  a  single  pore,  H  is 
porosity,  and  are  the  thermal  conductivity  of  the 
gas  and  stack,  •  indicates  complex  conjugation,  and  Re  indi¬ 
cates  the  real  part  of  the  expression.  The  product  ({!/<„,)» 
cross-sectional  open  area  of  ti^tube  at  position  z. 

To  determine  and  IVi(z)  use  is  made  of  Eq.  ( 2 1 ) 

for  r,  (x^^)  and  (11)  for  v,(x,y^)  in  Eqs.  (39)  and 
(40).  Resulting  expressions  are 

2  .4  J.4  0^0 


x(^^F*(x,y^r)Pn2) 

\^Po0 

To,  F*(x,y^T)  - 


Po" 


I  -iV™ 


XPr.(i))dxdy-0TofVi{2).  (42) 

'd. 

I 


where  /*,,  (z)  =  </P,  (z)/dz  and 

^  1  i_  r  F(x,yA) 


P„{z)Pr(2)dxdy. 

(43) 


2  A  Ja  o)pQ 

Recall  the  definitions  A  r  =  and 

F(A)  =  —  f  F{x,yMdxdy. 

A  Ja 

The  following  general  integral  result,  which  is  proven  at  the 
end  of  this  section. 


(44) 


/,  (*  F{xyMF*{xy^r)fixdy 

A  Ja 


^[F{X)N^^F*Ur)\/(.N^^\),  (45) 

and  the  integral  that  may  be  evaluated  using  Eq.  (45) 


.yMF*{xyMdxdy 


=  lim  /.  =  Re  F(/l), 


(46) 


are  necessary  to  evaluate  Eqs.  ( 42 )  and  ( 43 ) .  By  making  use 
of  these  integrals  and  the  thermodynamic  relation 
Y  —  \  =  To  c^/c^,  heat  and  work  flows  are 


02  (^)  = 


QA, 


•^To  Im 


(Z)PT(2) 


PoO) 


^  1  +  } 


PTo  p„( 


-\Pu(Z)\- 


lm[F*(>lr)  +(V,,/’(A)] 


^-Nl, 


and 


(2)  =  f(A )] 

2  V  Po<a  / 


(47) 


(48) 


Equations  (47)  and  (48)  are  general  expressions  for  heat 
and  work  flows  with  the  functional  form  of  F(A )  dependent 
on  the  particular  pore  geometry.  It  can  be  shown  that 
Eqs.  (38),  (47),  and  (48)  are  the  same  as  Swift’s^  equation 
(A30)  for  the  special  case  of  parallel  plate  geometries  and 
assuming  the  e,  =  0  (appropriate  for  gas  thermodynamics) 
in  Swift's  theory.  To  aid  in  comparing  results,  note  that 
F*(A)  =  1  — /„  and  F*(A,  )  =  1  — /,  where /,  and /,  are 
used  in  Swift’s  notation. 

Since  impedance  and  pressure  translation  theorems 
have  been  derived  for  arbitrary  locations  within  the  resona¬ 
tor,  and  specifically  for  the  stack  element,  it  is  useful  to  ex¬ 
press  heat  and  work  flows  in  terms  of  the  specific  acoustic 
impedance  Z(z)  and  pressure  P,  (z).  From  the  definition  of 
specific  acoustic  impedance.  Z(z)  =  P,  (r)/[ll('  (z) ).  and 
Eq.  ( 13)  for  v.  (z). 


dP,  (z) 
dz 


=  P,Az)  = 


i<op„P,  (z) 
aP(>i)Z(z) 


(49) 


Heat  and  work  flows  are 
QAz)  = 


PTo  IP,  (Z)|- 

2  |Z(z)|- 

(F*U,) 

X  Re 

Z(z)*  - 

1 

\  F( A) 

T 

PnC,  1 

X 


UT,  flio  iP(/l)|- 
lm[P*(/l,)  +  ,V,„P(/t)| 


1  -  .v„ 


-fJT.W.iz). 


150) 


and 


l^j(z)  =  (^,„/2)(|P,(z)|V|Z(z)|^]ReZ(z).  (51) 

In  Eqs.  (50)  and  (51 ),  P,  (z)  and  Z(z)  are  global  variables 
in  that  they  depend  on  the  detailed  arrangement  of  all  ele¬ 
ments  of  the  thermoacoustic  engine,  and  Fl/l)  and  FiA^) 
depend  on  the  local  properties  of  the  gas  and  stack  geometry. 

The  remainder  of  this  section  is  devoted  to  proof  of  Eq. 
(45).  From  Eq.  ( 12),  Eq.  (45)  can  be  written  as 

/,  =-jJ  P(x.jr,yl)^l  +  -^V\F*(x,y^r'^dx  dy. 

(52) 

Use  of  the  vector  identity  for  the  divergence  of  the  product  of 
a  scalar  and  a  vector  and  the  definition  of  F(  A)  give 
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/,  =FU)  + 


I  R 


A  />l> 

xj^V,>[F{x,yA)V,F*(x,)rAr)]dxdy 
A  lA  j-  Ja 

‘V^F*{x,yAT)dxdy, 


(53) 


where  the  gradient  operator  in  the  x,y  plane  is  V, .  The  diver¬ 
gence  theorem  in  the  x,y  plane  can  be  applied  to  the  second 
integral  in  Eq.  (S3): 

J  V ^•[F{x,yM^ rF*(x,y\A.r)]dx dy 

=  J  n-(F(jc,;vl)V,F*(jc.j>>l^)]dS  =  0,  (54) 

where  dS  is  an  element  of  perimeter  on  the  pore  of  arbitrary 
shape,  and  n  is  the  outward  normal  at  the  pore  wall.  The 
integral  in  Eq.  (54)  is  zero  by  the  boundary  condition 
F(x,yA )  =  0  for  jc  and  y  on  S’.  Thus 

/,  =f(/l)-14r  f  ^rfUyM 

A  Ja 

•V^F*(x,yJ.r)dxdy.  (55) 


Now,  Eq.  (12)  for  F(x,y^)  could  have  been  used  in  Eq. 
(45),  rather  than  for  F*(.x,yAT)  ^  clone  to  obtain  Eq. 
(55).  Had  this  been  done,  (55)  would  be 

/,  =F•a,)^-14T  f  '^rFUyA) 

A  U*  Ja 


•V^F*[x,y^r)<ixdy.  (56) 

Eliminating  the  common  integral  between  Eqs.  (55)  and 
(56)  gives  Eq.  (45). 


G.  Nunrarical  evaluation  of  an  engine’s  performance 

The  first  and  simplest  situation  considered  is  the  fre¬ 
quency  response  of  a  nondriven  tube  below  the  onset  of  oscil¬ 
lation.  An  example  based  on  Fig.  1(a)  will  suffice  to  demon¬ 
strate  the  procedure  for  computing  the  frequency  response 
using  the  impedance  translation  theorem.  The  acoustic 
driver  is  considered  to  deliver  constant  amplitude  acoustic 
oscillations  of  radian  frequency  a  of  insufficient  amplitude 
to  acoustically  stimulate  the  transport  of  heat  from  cold  to 
hot.  An  ideal  microphone  located  near  the  driver  is  used  to 
determine  the  frequency  response  F,  (z  =  0^). 

Assume  a  steady-state  equilibrium  in  which  a  tempera¬ 
ture  gradient  exists  across  the  stack  as  a  result  of  heat  input 
at  the  hot  exchanger  and  heat  removal  at  the  cold  exchanger. 
The  open  tube  sections  of  the  resonator  are  taken  to  be  at  the 
same  temperature  as  the  nearest  heat  exchanger.  The  am¬ 
bient  temperature  of  the  stack  will  not,  in  general,  vary  lin¬ 
early  from  the  cold  to  hot  end  due  to  the  temperature  depen¬ 
dence  of  the  stack  and  gas  thermal  conductivity.  The 
ambient  temperature  is  assumed  known  at  all  points. 


To  determine  the  frequency  response,  one  starts  with  a 
known  value  of  specific  acoustic  impedance  at  the  rigid  end 
of  the  tube  in  Fig.  1(a).  Specific  acoustic  impedance  here 
can  be  evaluated  using  the  expression  for  the  boundary  layer 
impedance  of  a  rigid  wall.'^  Use  of  Eq.  (36)  determines  Z 
first  at  the  hot-heat  exchanger,  open-tube  interface,  and  then 
at  the  stack-hot-heat  exchanger  interface.  The  value  of  Z  at 
this  interface  is  the  starting  value  for  the  Runge-Kutta  al¬ 
gorithm  solution  of  Eqs.  ( 33 ) .  Then,  use  of  Eq.  ( 36 )  deter¬ 
mines  Z  first  at  the  cold-heat  exchanger,  open-tube  inter¬ 
face,  and  finally  at  the  position  of  the  acoustic  driver.  For 
known  acoustic  driver  response  (e.g.,  constant  displace¬ 
ment,  etc. ) ,  the  pressure  can  be  determined  absolutely  at  the 
driver  location  using  the  driver  response  and  the  calculated 
expression  for  specific  acoustic  impedance.  It  should  be  not¬ 
ed  that  all  variables  in  Eqs.  ( 33 )  and  ( 36 )  are  to  be  evaluated 
at  the  local  position  of  the  thermoacoustic  element  or  sub¬ 
section.  The  translation  theorem  approach  for  computing 
acoustical  quantities  is  a  superior  way  of  performing  calcula¬ 
tions  for  resonators  containing  many  thermoacoustic  ele¬ 
ments. 

The  second  example  considered  is  evaluation  of  a  ther¬ 
moacoustic  refrigerator.  Though  the  typical  configuration'* 
used  for  a  refrigerator  has  the  acoustic  driver  at  the  hot  ( am¬ 
bient)  exchanger,  the  arrangement  shown  in  Fig.  1(a)  will 
suffice  for  the  present  discussion.  The  driver  is  assumed  to 
deliver  sufficient  acoustic  power  to  the  tube  that  heat  is  ther- 
moacoustically  transported  from  the  cold  to  the  ambient 
heat  exchanger.  Experimental  and  theoretical  evidence in¬ 
dicates  that  the  ambient  temperature  distribution  in  the 
stack  is,  in  general,  different  from  that  which  would  occur 
for  a  simple  temperature  gradient  wjth  no  acoustic  transport 
of  heat.  Indeed  the  second  term  of  (z)  in  Eq.  (50)  has  a 
temperature  gradient  multiplied  by  a  factor  depending  on 
the  pressure  and  impedance  that  acts  as  a  dynamical  coeffi¬ 
cient  of  thermal  conductivity. 

Steady-state  equilibrium  of  the  refrigerator  is  achieved 
when  the  ambient  temperature  throughout  the  system  is 
constant.  No  net  heat  i^absorbed  into  the  walls  of  the  stack 
(i.e.,  heat  engine)  so  (z)  is  a  constant  in  the  stack.'*  ” 
Quantities  assumed  known  are  the  pressure  and  specific 
acoustic  impedance  at  the  right  end  of  the  tube,  the  hot-heat 
ex^anger  temperature,  and  the  steady-state  constant  value 
of/fj  in  Iltc  stack.  The  unknown  quantities  of  interest  are  the 
cold-heat  exchanger  temperature,  the  power  delivered  by 
the  acoustic  driver,  and  the  net  heat  flow  from  the  cold-heat 
exchanger.  One  may  compute  the  Carnot  coefficient  of  per¬ 
formance  (COP)  from  the  hot-  and  cold-heat  exchanger 
temperatures.*  This  COP  may  be  compared  to  the  coeffi¬ 
cient  of  performance  computed  from  the  ratio  of  the  net  heat 
flow  from  the  cold  exchanger  and  the  power  delivered  by  the 
driver.* 

Specific  acoustic  impedance  and  pressure  at  the  stack- 
hot-heat  exchanger  interface  can  be  determined  from  use  of 
translation  theorems  in  Eqs.  ( 36 )  and  ( 37 ) .  Then,  with  //,  a 
known  constant,  Eq.  (38)  along  with  Eqs.  (40),  (50),  and 
(51)  are  used  to  solve  for  Tq^Iz),  the  ambient  temperature 
gradient  in  the  stack.  Runge-Kutta  integration  of  the  cou¬ 
pled  set  of  three  first-order  equations.  T'o^fz),  P,  (z)  from 
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Eq.  (35),  and  Z(z)  from  Eq.  (33),  is  used  to  determine  the 
ambient  temperature  distribution  To(2)  in  the  stack  and 
thus  the  cold-heat  exchanger  temperature.  Translation  theo¬ 
rems  can  then  be  used  to  compute  the  pressure  and  imped¬ 
ance  elsewhere  in  the  tube.  Equation  ( 5 1 )  is  used  to  compute 
the  power  delivered  by  the  driver.  By  energy  conservation, 
the  difference  in  H2  between  the  cold  heat  exchanger-stack 
interface  and  the  open-tube-cold  heat  exchanger  interface  is 
the  amount  of  heat  flowing  out  of  the  cold  heat  exchanger. 
This  method  of  analyzing  thermoacoustic  refrigerators  was 
first  described  in  Ref.  15. 


II.  HEAT  AND  WORK  FLOWS  IN  THE  SHORT  STACK 
APPROXIMATION  FOR  VARIOUS  STACK  GEOMETRIES 

Heat  and  work  flows  are  compared  for  stacks  having 
different  pore  geometries.  In  addition  to  the  square  pore 
stack  shown  in  Fig.  1  (b).  parallel  plate,  circular,  and  equi¬ 
lateral  triangular  capillary  tubes  will  be  considered. 

The  short  stack  approximation  was  used  by  Swift^  to  get 
an  interpretable  analytical  expression  for  energy  flow.  Fig¬ 
ure  3  shows  the  arrangement  for  the  short  stack  approxima¬ 
tion.  The  stack  is  assumed  to  be  short  enough  that  the  empty 
tube  standing  wave  is  unaffected.  The  temperature  differ¬ 
ence  between  opposite  ends  of  the  stack  is  assumed  to  be 
much  less  than  the  average  temperature  at  the  stack  center 
so  that  the  thermophysical  quantities  are  approximately 
constant  and  are  evaluated  at  the  average  temperature.  Stack 
porosity  is  fl. 

Pressure  and  specific  acoustic  impedance  at  z  are,  from 
Eqs.  (36)  and  (37), 

Z(z)  =  ipf,c cox{kfi{L  -  z)\,  (57) 

and 


P,  (r)  =  P,(L)cos[ko(L-z)] 

ss/pocf'o  cos[A:o(^ (58) 
where  the  wave  number  in  the  empty  tube  is  kf, .  Use  of  Eqs. 
(57)  and  (58)  in  the  heat  flow  equation,  Eq.  (50),  gives 

P,  (L)^ 


X 


2  poC  \  +  N, 
sin[2Aco(L-z)] 


\  m)  / 


(- 


lm[/-(>i^)-HAf^/’*(A)) 

Im[mr)P(/l)]( 


F*(/l))  \ 


(59) 


where 


-  ' — L - 

STACK 


V(0,t)  >  Vo  exp  -i  (It  t 

-HI— 


FIG.  3.  Arrangeinent  for  the  short  stack  approximation. 


r  = 


To.  fiToCXan[ko{L-z)] 


=  T^ 


(60) 


To  o>n(r-l) 

Cy  tan[<:o(I.  -z)] 
oiClfiToC 

In  the  inviscid  approximation  for  which  N^,  =  0  and 

FU)  =  1. 


a(^)  = 


P,(L)^ 

PoC 


PTo 


sin[2A:o(I.  —  z)] 
2 


XlmP*(Ar)(l-r). 


(61) 


Physically,  the  term  Im  F*(Xt)  isa  measure  of  the  d3mami- 
cal  thermal  interaction  between  the  gas  and  solid.  Recall 
that  Ar  «  P(/>o6»e,/a’)'^,  where  R  is  twice  the  ratio  of  ca¬ 
pillary  pore  area  to  pore  perimeter.  The  function  F{.x;y^r^ 
is  a  solution  to  the  partial  differential  equation,  Eq.  (12),  for 
a  particular  pore  geometry  and  F(Ar )  is  the  average  of  this 
quantity  over  the  pore  cross  section.  According  to  Eq.  ( 61 ) , 
stacks  made  of  pores  for  which  Im  F*{,kr'i  is  a  large  value 
will  result  in  the  greatest  heat  flow. 

Work  flow  is  given  generally  by  Eq.  (51 ).  No  work  is 
done  in  the  region  to  the  right  of  the  stack  in  Fig.  3,  which 
can  be  verified  readily  by  using  the  impedance  of  Eq.  (57)  in 
Eq.  ( 5 1 ).  In  this  region,  pressure  and  velocity  have  standing 
wave  phasing.  To  compute  the  work  done  in  the  stack,  use  is 
made  of  the  impedance  translation  theorem  to  get  the  impe¬ 
dance  at  the  left  side  of  the  stack.  In  the  short  stack  approxi¬ 
mation.  kod'aiitd/c<\\  hence,  Z(z  —  d)  can  be  approxi¬ 
mated  from  a  simple  finite  difference  approximation  of  Eq. 
(33). 


Z(z-d)  =2(z) 


(• 


lad  — 


ipoted 

F(A)aZ(z) 


idZ(z)k^FU)n\ 


Po<o 


■I 


(62) 


After  some  manipulation,  work  flow  to  first  order  in  is 

2  PoCp 

Xlm  F'*(/i7-)cos*[A^,(£  —  z)  ] 

r  ^  lm[F(A^)/m)]  \ 

V  ImF(>l^)(l-A^^)>/ 


ImFfA 

+  N'j,^(z), 

where  work  due  to  viscosity  is 


(63) 


^2^  W  =  ^  (L-z)] 

2  Po<r 

x{lmF»(A)/lFa)F*(A)J}.  (64) 


Work  flow  in  the  inviscid  approximation  is 

W'jfr)  =  (A„fl/2)P,  {DHToP^oid /poc^) 

XlmF*(A7-)cos^[A:o(i'  —  ^)](1  —  T). 

(65) 

Equations  ( 63 )  and  ( 65 )  are  the  acoustic  power  absorbed  by 
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FIG.  4.  (a)  Parallel  plate,  (b)  circular,  (c)  rectangular,  and  (d)  equilateral 
triangular  capillary  tube  geometries  considered  for  the  shon  stack  approxi¬ 
mation.  For  example,  (c)  corresponds  to  the  stack  shown  in  Fig.  1(b). 


the  stack,  with  and  without  gas  viscosity,  and  when  these 
quantities  are  negative,  it  indicates  that  acoustic  power  is 
being  produced  by  the  stack.  Stacks  made  of  pores  for  which 
Im  F*(A.t)  is  a  targe  value  will  result  in  the  greatest  work 
flow. 

Work  and  heat  flows  are  to  be  compared  for  the  various 
pore  geometries  shown  in  Fig.  4(a)-(d).  In  the  inviscid 
short  stack  approximation,  pores  with  a  large  value  of 
Im  FI/l )  *  will  have  the  greatest  heat  and  work  flows  as  indi¬ 
cated  by  Eqs.  (61)  and  (6S).  According  to  Fig.  3,  which 
shows  the  real  and  imaginary  parts  of  F(A)  for  the  various 
pore  geometries,  the  parallel  plate  geometry  has  the  largest 
value  of  Im  F{A )  *.  The  value  occurs  for  A,  s  3.2,  which  al- 


FIG.  S.  Real  and  imaginary  part  of  the  F(4)  for  parallel  plates,  circular 
pores,  square  poies,  and  equilateral  triangle  pores.  Heat  and  work  flows  are 
proportional  to  the  imaginary  part  of  [  F(/t )  |  in  the  short  stack  approxima¬ 
tion  thus  indicating  the  parallel  plate  stack  is  the  best  choice  for  optimal 
thermoacoustic  engines.  Also  shown  is  the  boundary  layer  approximation 
of  F{ A.)  for  all  pore  geometries,  valid  in  the  limit  A— a>. 


lows  one  to  compute  the  optimal  operating  frequency  from 
the  relation  =  (paCJC^/K)  In  other  words,  you  can 
get  about  10%  more  heat  and  work  flows  in  thermoacoustics 
by  choosing  to  make  your  stack  from  parallel  plates  rather 
than  the  other  pore  geometries.  The  functional  form  of  F(/l ) 
for  the  various  pore  geometries  is  given  below. 

Swift*  and  Rott’  have  worked  out  the  parallel  plate  geo¬ 
metry  stack.  Parallel  plates  have  also  been  of  interest  in  por¬ 
ous  media. Denote  by  2a  the  separation  distance 
between  plates.  To  be  consistent  with  the  definition  of  the 
characteristic  pore  radius  R  as  being  equal  to  twice  the  trans¬ 
verse  pore  area  divided  by  the  pore  perimeter,  take  R  =  2a. 
They  axis  is  centered  at  the  midpoint  between  plates  with  the 
z  axis  extending  in  the  longitudinal  direction.  The  function 
F(y^)  that  satisfies  the  differential  equation  for  the  trans¬ 
verse  dependence  of  the  equation  of  motion,  Eq.  (12 ),  is 

F(rM  =  1  -  _  («6) 

cosh(>/  —  iA  /I) 

The  average  of  F(y^)  over  the  pore  is  defined  as 
F{A)  —  l/(2a)SF(y,A)  dy  and  is 

F(A)  =  l-(2/Ayr^i)tanh(yPnA/2).  (67) 

Rott  has  worked  out  the  cylindrical  pore'  geometry 
stack.  One  type  of  porous  media  theory  is  based  upon  propa¬ 
gation  in  a  single  cylindrical  capillary  tube. "  ’ '  Denote  by 
a  the  radius  of  the  cylindrical  pore.  The  characteristic  pore 
radius  for  cylindrical  pores  is  R  ^  a.  The  radial  coordinate 
of  a  cylindrical  coordinate  system  centered  at  the  middle  of 
the  circular  pore  is  r.  The  function  F(  nA )  which  satisfies  the 
differential  equation  for  the  transverse  dependence  of  the 
equation  of  motion,  Eq.  ( 12),  is 

F(rM  =  \-J„(fiAr/a)/MfiA).  (68) 

The  average  of  F{r^)  over  the  pore  is  defined  as  F{A) 
=  2/c^  SF(r,A)r  dr  and  is 

F{A)  =  \-  {2/fiA )[j,{fiA)/MfiA)].  ( 69 ) 

Previous  work  has  emphasized  thermoacoustic  stacks 
consisting  of  parallel  plate  pores  and  cylindrical  pores.  The 
basic  equations  are  given  here  for  stacks  consisting  of  rectan¬ 
gular  pores.  Denote  by  2a  and  2b  the  length  along  the  x  and  y 
axes  of  the  rectangular  pore  cross  section.  Take  the  coordin¬ 
ate  system  origin  to  be  at  the  lower  left  comer  of  the  rectan¬ 
gular  pore.  It  is  convenient  to  define  a  function  (A )  as 

T„,(A)  =  1  -I-  Uir^/A^)[(b^m^  +  a^n^)/(a  +  b)-]. 

(70) 

The  characteristic  transverse  dimension  equal  to  twice  the 
pore  area  divided  by  the  pore  perimeter  is 

R  =  2ab/(.a  +  b).  (71) 

A  series  solution  for  the  function  F(,x,yJ.)  which  satisfies 
the  differential  equation  for  the  transverse  dependence  of  the 
equation  of  motion,  Eq.  (12),  is^’^ 


f(jt,F,A)  =-^ 

It  m  n  odd 


sin  ( m-nx/2a )  sin  ( n-ny/2b ) 
m  nY„„{A) 


(72) 
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In  all  sums  given  in  this  section,  m  and  n  extend  over  positive 
odd  integers.  For  a  rectangular  pore  the  average  is  defined  by 
F(/l)  =  l/(4ah)J'F(x,jr,A)dxdv,  where  the  integral  extends 
over  the  entire  cross  section  of  the  pore.  Then. 


TT  mm  odd  ^  ^  *mm  / 


(73) 


The  function  F(x^,A)  in  Eq.  (17)  was  obtained  from  a  solu¬ 
tion  by  Han'^  for  the  same  differential  equation  as  Eq.  (12). 

Equilateral  triangular  pores  have  been  recently  investi¬ 
gated  by  Stinson. '  *  The  pore  geometry  is  shown  in  Fig.  4(d). 
The  characteristic  dimension  is  /I  =  a/3  and 


F(A)  =  1 


(74) 


In  the  boundary  layer  approximation  appropriate  for  ail 
pore  geometries  in  the  limit  A  —  aa, 

FU)  =  1  -  (yl2/A)(l+i)  =  1  -  (S/R)(l  +  i).  (75) 

where  S  is  the  viscous  or  thermal  boundary  layer  thickness 
and  R  is  twice  the  pore  area  divided  by  the  pore  perimeter. 
Equation  (75)  can  easily  be  derived  from  the  large  limit  of 
Eqs.  (67),  (69),  or  ( 74).  Physically,  2S/R  is  the  area  of  the 
boundary  layer  divided  by  the  pore  cross-sectional  area. 
Therefore,  it  is  expected  and  noteworthy  that  pores  with  the 
same  A  have  the  same  complex  wave  number  in  the  wide- 
tube  limit;  i.e.,  /i  —  oo.'^  Figure  5  gives  a  graphical  illustra¬ 
tion  as  to  when  the  boundary  layer  approximation  is  useful 
for  a  particular  pore  geometry.  It  also  illustrates  why  it  was 
necessary  for  Rott’  to  improve  upon  the  boundary-layer 
theory  of  thermoacoustics. 


III.  CONCLUSION 

Linear  thermoacoustics  for  gas-filled  stacks  has  been  re¬ 
duced  to  calculation  of  a  single  function  F.  The  function 
F(x,y^)  gives  the  transverse  variation  of  the  longitudinal 
particle  velocity  v,  (x,y^).  It  satisfies  the  partial  differential 
equation,  Eq.  (12),  and  the  boundary  condition 
F(x,y^ )  =  0  for  X  axidy  on  the  pore  perimeter.  The  average 
of  F(xyyA)  over  the  pore  cross  section  is  F(A).  The  para¬ 
meter  A  is  proportional  to  the  ratio  of  the  pore  hydraulic 
radius  and  the  viscous  boundary  layer  thickness  that  would 
be  appropriate  for  a  flat  pore  boundary.  Similarly,  A  7-  is  pro¬ 
portional  to  the  ratio  of  pore  hydraulic  radius  and  the  ther¬ 
mal  boundary  layer  thickness,  llie  form  of  F(  A )  depends  on 
pore  geometry.  All  first-order  acoustical  field  quantities 
(Sec.  I A-D)  and  the  second  order  energy  flux  (Sec.  I P) 
can  be  evaluated  using  this  function. 

The  general  framework  was  used  in  Sec.  II  to  investigate 
the  optimal  choice  of  capillary  tube  geometry  for  stacks. 
Heat  and  work  flows  evaluated  in  the  inviscid,  short  stack 
approximation,  are  approximately  10%  greater  for  the  par¬ 
allel  plate  stack  geometry  than  for  the  circular,  square,  and 
equilateral-triangle  pore  geometries. 

Impedance  and  pressure  translation  theorems  were  de¬ 
veloped  in  Sec:  I E  for  determining  these  quantities  at  all 


points  in  the  resonator  shown  in  Fig.  1(a).  With  this  ap¬ 
proach,  analysis  of  complicated  arrangements  of  thermoa¬ 
coustic  elements  can  be  evaluated  readily  and  in  a  unified 
manner.  Work  and  heat  flows  were  expressed  in  terms  of 
specific  acoustic  impedance  and  pressure  to  take  advantage 
of  these  theorems. 

Finally,  the  function  F{A)  is  also  the  key  element  of 
capillary-pore  based  porous  media  models.'^  Factors  are 
used  in  these  models  to  scale  properties  of  random  media  to 
circular  pores.  Thus  the  scaling  factors  and  methodology  of 
porous  media  modeling  can  be  readily  adapted  to  be  useful  in 
thermoacoustics.  After  all,  thermoacoustic  elements  are 
nothing  more  than  sections  of  porous  media,  with  the  added 
richness  of  ambient  temperature  gradients. 
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Sound  propagation  in  gas-filled  capillary-tube-type  porous  media  was  investigated.  The 
capillary  tubes  were  taken  to  be  nominally  straight  with  very  small  pores  in  the  walls  of  the 
capillary  tubes.  The  complex  wave  number  and  the  characteristic  impedance  of  such  media 
were  evaluated.  Application  to  ceramic  samples  having  capillary  pores  with  square  cross 
sections  and  porous  walls  is  developed  as  an  expiaiution  for  the  anomalous  tortuosity  factor 
previously  inferred  for  this  material  Specific  acoustic  impedance  (SAI)  measurements  were 
performed  for  rigid-backed  square  pore  ceramic  media  having  finite  wall  porosity.  It  is  shown 
that  phase  velocity  is  decreased,  attenuation  is  increased,  and  characteristic  impedance  is 
decreased  by  finite  wall  porosity.  SAI  measurements  were  also  performed  after  the  wall  pores 
were  filled  with  water.  Iliese  measurements  agree  favorably  with  the  porous  wall  and 
nonporous  wall  theories,  respectively.  This  work  provides  a  model  for  the  acoustical  properties 
of  gas-filled  monolithic  catalyst  supports  of  which  the  square  pore  ceramic  media  is  an 
example. 

PACS  numbers:  43.28.Fp,  43.20.  Vt,  43.20.Mv 


INTROOUCnON 

Theory'*^  and  experiments'  were  recently  reported  for 
sound  propagation  in  porous  media  consisting  of  straight 
capillary  tubes  having  square  cross  sections.  The  experimen¬ 
tal  work  was  aimed  at  testing  the  efficacy  of  first-principle 
models  for  predicting  the  acoustical  properties  of  porous  me¬ 
dia  with  well-defined  geometries.  The  measured  complex 
wave  number'  was  approximately  10%  larger  than  the 
values  predicted  from  theory  assuming  nonporous  walls. 
However,  the  ceramic  porous  sample  used  actually  has  walls 
that  are  porous,  as  indicated  schematically  in  Fig.  1  (a)  and 
(b).  A  qualitative  explanation  for  the  discrepancy  was  that 
the  finite  porosity  of  the  ceramic  square  pore  wall  should 
increase  the  bulk  compressibility  of  air  in  the  porous  media 
and  hence  increase  the  complex  wave  number.  This  de¬ 
creases  the  phase  velocity  and  increases  the  attenuation,  as 
was  observed  in  the  measurements.  Effects  of  wall  pores  on 
propagation  in  porous  media  were  also  qualitatively  dis¬ 
cussed  earlier.^ 

In  this  paper,  the  effects  of  finite  wall  porosity  ate  in¬ 
cluded  in  the  theory  for  sound  propagation  in  a  porous  me¬ 
dia  consisting  of  nominally  straight  capillary  tubes  with 
much  smaller  pores  in  the  capillary  tube  walls.  The  theory  is 
cast  in  a  sufficiently  general  form  that  it  is  useful  for  capillary 
tubes  having  geometries  other  than  squares.  Specific  acous¬ 
tic  impedance  (SAI)  measurements  of  a  rigid-backed  cera- 
mw  sample  and  a  previous  measurement  of  the  complex 
wavenumber'  compare  favorably  with  the  porous-wall  por¬ 
ous  media  theory.  Wall  pores  were  filled  with  water  and  the 
SAI  measurements  were  repeated.  These  measurements 

*' Tliit  work  WM  pmcnted  M  the  1 20th  Meeting  of  Ow  Acoustical  Society  of 
America  ( J.  AcoutL  Soc.  Am.  Suppl.  1  St,  S143  ( 1990)  ]. 


agree  favorably  with  nonporous  wall  theory.  The  theory 
shows  that  the  complex  wave  number  is  increased  and  the 
characteristic  impedance  is  decreased  on  account  of  finite 
wall  porosity. 

l^ite  wall  impedance  concepts  have  been  used  in  relat¬ 
ed  work.  For  a  sufficiently  wide  tube,  absorption  of  the  plane 
wave  mode  can  be  accounted  for  using  the  expression  for 
boundary  layer  impedance  as  a  boundary  condition  at  the 
tube  wall.*  Similarly,  sound  absorption  in  ducts  with  ab¬ 
sorbing  liners  at  the  duct  wall  can  be  modeled  using  the  liner 
impedance  as  a  boundary  condition.’  These  concepts  also 
find  use  in  bore  hole  measurements  in  geophysics." 

The  ceramics  used  in  this  investigation  are  an  example 
of  a  monolithic  catalyst  support.’  Several  manufacturers  use 
these  ceramics  in  automobile  catalytic  converters.  Physical 
properties,  such  as  the  ability  to  hold  coatings  and  low  ther¬ 
mal  conductivity,  can  be  obtained  by  adjusting  the  ceramic 
wall  porosity.’  A  combustible  material  that  bums  out  dur¬ 
ing  the  final  sintering  is  added  to  the  raw  ceramic  mixture  to 
increase  the  porosity  for  some  applications.’  The  theory  de¬ 
veloped  here  provides  a  model  for  the  low-frequency  acous¬ 
tical  properties  of  gas-filled  monolithic  catalyst  supports. 
These  ceramics  may  be  useful  as  low-frequency  sound  ab¬ 
sorbers.  They  may  also  be  useful  in  thermoacoustic  heat  en¬ 
gines  due  to  their  low  thermal  conductivity,  regular  ge¬ 
ometry,  wide  spread  availability,  and  low  cost. 

I.  PROPAGATION  IN  POROUS  WALL  POROUS  MEDIA 
A.  Assumptions 

In  ideal  acoustics  an  often  used  approximation  is  that 
sound  wave  propagation  is  adiabatic  and  that  the  fluid  is 
inviscid.  At  Ixjundaries  it  is  sufficient  to  assume  continuity 
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of  pressure  and  the  normal  component  of  particle  velocity. 
Ideal  acoustics  boundary  conditions  are  not  sufficient  to  de¬ 
scribe  sound  propagation  in  porous  media  for  which  the  so¬ 
lid  and  fluid  volumes  are  intermingled  and  are  on  the  same 
order.  Account  must  be  taken  of  momentum  and  energy 
transport  phenomena,  viscosity  and  thermal  conductivity, 
which  occur  as  a  result  of  velocity  and  temperature  gra¬ 
dients.  In  viscous  fluids  it  is  usually  a  good  assumption  that 
the  total  particle  velocity  is  zero  at  a  rigid  stationary  boun¬ 
dary.  For  boundaries  such  as  solid-gas  interfaces  compres¬ 
sion  and  expansion  of  gas  can  result  in  transport  of  heat  to 
and  from  the  solid  for  parcels  of  gas  sufficiently  close  to  the 
walls.  At  boundaries  gas  and  solid  temperatures  are  assumed 
to  be  the  same  since  in  solids  the  heat  capacity  is  usually 
much  greater  than  that  of  the  gas.  Any  local  heating  of  the 
solid  due  to  the  gas  is  difiused  throughout  the  solid  since  it  is 
generally  a  much  better  heat  conductor  than  the  gas. 

Dimensionless  numbers  indicate  different  regimes  of 
disturbances  in  porous  media.  Denote  by po,c^,  tj,  and  k  the 
gas  properties  of  ambient  density,  constant  pressure  heat  ca¬ 
pacity  per  unit  mass,  viscosity,  and  thermal  conductivity.  A 
measure  of  the  relative  magnitude  of  viscous  and  thermal 
difiusion  in  the  gas  is  given  by  the  Prandtl  number, 
A^Pr  =  i/Cp/zr.  Gas  viscous  and  thermal  penetration  depths 
for  oscillations  of  radian  frequency  —  (2ij/poOi) 

and  S,  =  (iK/paiiX^)'^  =‘S^/N'^,  respectively.  Denote 
by  it  a  characteristic  transverse  pore  dimension,  e.g.,  the 
pore  radius  for  circular  pores.  A  dimensionless  shear  wave 
number  can  be  defined  as^  »  2''^it  /6,  =  R  (po<o/ff)  Si¬ 
milarly  defined  for  thermal  diffusion  is  a  thermal  distur¬ 
bance  number  Ay  —  2'^it  /S,  =  R(po<oc^/K) 

For  1,  the  magnitude  of  particle  velocity  in  a  pore  is 
much  less  than  that  predicted  by  (inviscid)  ideal  acoustics 
and  has  nearly  a  quadratic  dependence  on  the  transverse 
(xwrdinates  as  does  dc  flow  through  a  capillary  tube  (Poi- 
seuille  flow).  For  A>  1,  the  magnitude  of  particle  velocity 
closely  matches  that  predicted  by  ideal  acoustics  except  in  a 
thin  boundary  layer  of  thickness  in  which  particle  velo¬ 
city  changes  rapidly  to  zero  at  the  pore  wall.  For  j.  <  1  the 
gas  temperature  is  the  same  as  the  wall  temperature  and 
density  changes  in  the  gas  occur  isothermally  rather  than 
adiabatically.  For  Ay>l  density  changes  are  adiabatic  ex¬ 
cept  in  the  thin  boundary  layer  3,  surrounding  the  pore  waU 
over  which  density  changes  go  from  adiabatic  to  isothermal. 
A  good  measure  of  the  characteristic  transverse  pore  dimen¬ 
sion  is  it  =  twice  the  transverse  pore  area/pore  perimeter. 
For  example,  the  characteristic  dimension  is  it  =  a  for  cir¬ 
cular  pores  of  radius  a  and  for  square  pores  of  semiwidth  a. 
This  definition  of  it  is  twice  the  hydraulic  radius. 

Figure  1(a)  and  (b)  represent  the  model  for  porous  wall 
porous  media.  Darkened  regions  in  these  figures  are  the  gas- 
filled  portions  of  the  media  and  the  surrounding  matrix  is 
taken  to  be  rigid.  Plane  waves  are  taken  to  be  propagating  in 
the  2  direction.  Two  types  of  pores  are  to  be  distinguished. 
The  main  pores  are  shown  to  be  square  in  cross  section, 
though  this  is  not  necessary  for  the  theory  developed  below. 
The  walls  of  the  main  pores  have  pores  or  holes  of  much 
smaller  radii  in  them,  and  the  wall  pores  are  of  average 
length  </„,  as  shown  in  Fig.  1  (a).  Main  pores  are  not  con- 


l_dw_l 


(b> 

FIG.  I.  (a)  Single  main  pore  with  wall  pores  of  length  (b)  Arrangement 
of  main  pores  in  the  porous  sample  model.  Wall  pores  are  not  taken  to  con¬ 
nect  adjacent  main  pores.  Air  filled  regions  in  (a)  and  (b)  are  dark. 


nected  by  wall  pores,  as  indicated  in  Fig.  1  (b).  Transverse 
dimensions  in  the  main  pore  are  given  by  coordinates  (.x,y), 
as  indicated  in  Fig.  1  (a). 

The  central  assumptions  are  now  given  concerning  os¬ 
cillatory  motion  and  condensation  of  gas  in  the  wall  pores. 
At  the  frequencies  considered,  particle  velocity  in  the  wall 
pores  is  much  less  than  it  would  be  for  ideal  acoustics  as  a 
result  of  gas  viscosity  and  the  small  radii  of  wall  pores.  Con¬ 
densation  of  gas  in  the  wall  pores  is  taken  to  occur  isother¬ 
mally  at  the  same  temperature  as  the  solid  matrix  of  the 
porous  media.  In  terms  of  the  dimensionless  parameters, 
these  assumptions  are  <  1  andAy^  <  1,  where  subscript  u; 
refers  to  wall  pores. 

The  central  assumption  concerning  pressure  in  the  main 
pore  is  that  it  is  only  a  function  of  the  longitudinal  coordin¬ 
ate  z,  not  the  transverse  coordinates.'  One  justification  of 
this  assumption  is  that  frequencies  considered  are  much  less 
than  the  cutoff  frequency  for  radial  modes  in  the  main  pore. 
This  is  the  standard  assumption  for  the  pressure  in  nonpor- 
ous  wall  porous  media  theory.’  A  second  argument  for  this 
assumption  is  that  the  wall  impedance  is  much  greater  than 
the  characteristic  impedance  in  the  main  pore  and  the  pore 
diameter  is  much  less  than  the  acoustic  wavelength. 
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The  useful  range  of  the  porous-wall  throry  can  be  stated 
most  generally  in  terms  of  the  dimensionless  numbers  relat¬ 
ing  pore  radius  and  the  frequency-dependent  viscous  pene¬ 
tration  depth.  This  model  should  be  useful  for  porous  media 
with  main  pores  such  that  A  >  1  and  wall  pores  such  that 
A„  <  1.  These  criteria  were  not  derived  from  more  general 
theory  but  appear  to  be  consistent  with  the  assumptions 
made  above.  In  the  experiments  discussed  below  4  <  A  <  18 
and  Au,  was  estimated  to  be  in  the  range  0  <  A„^  <  1.2.  The 
frequencies  considered  were  in  the  range  7S-1300  Hz.  Wail 
pore  diameters  ranged  up  to  =  100  fim,  and  the  main  pore 
width  was  1.S4  mm.  Further  discussion  is  given  in  Sec.  III. 

B.  Analysis  for  porous  wall  porous  madia 

Consequences  of  the  assumptions  given  above  on  the 
linear  acoustic  equations  in  porous  wall  porous  media  are 
now  developed.  An  exp(  —  Uat)  sign  convention  will  be  used 
for  constant  frequency  oscillations.  In  the  frequency  do¬ 
main,  linear  acoustic  quantities  in  a  single  main  pore  are 
transverse  and  longitudinal  components  of  particle  velocity, 
T(xo>,2)  =  pressure,  p(z),  density, 

pix^^),  and  temperature,  T(x^^).  Ambient  quantities  are 
density,  po,  temperature.  To,  and  pressure,  po.  The  trans¬ 
verse  velocity  has  been  computed  for  circular  pores  and  non- 
porous  walls  by  Tijdeman.'" 

A  general  result  is  established  first.  In  the  geometry  of  a 
single  main  pore  in  Fig.  1  (a),  the  continuity  equation  is 

dv,  (xj>,z)  _ 

-  iii)p(x,ya)  +po - r - -^po^r'yrixjfp:)  =  0, 

dz 

(1) 

where  ^  d/dxx  +  d/dy$  is  the  transverse  gradient 
operator.  Averaging  Eq.  ( 1 )  over  the  cross  section  of  an 
arbitrarily  shaped  main  pore,  as  shown  in  Fig.  2, 


FIG.  2.  Arbitrarily  shaped  cross  section  of  a  general  main  pore  having  peri¬ 
meter  S  and  area  A.  The  outward  normal  is  n(x,ya)  and  ( jco'.z)  is  the 
tangential  component  of  particle  velocity.  For  main  pores  having  square 
cross  sections,  as  in  Fig.  1(a),  the  cross  section  would  be  a  square.  Wall 
pores  (not  shown)  are  assumed  to  skirt  the  main  pore. 


.  ,  ^  dv,(.2)  Po 

—  Ui)p(z)  +po - : - h 


dz 


(.xj>,z)dx  dy  =  0, 


(2) 

where  p{z)—A  ~'Spixj/,z)dxdy  and  v^(z)  =  A 
X  (x,y,z)dx  dy  are  the  cross-sectionally  averaged  acoustic 
density  and  z  component  of  particle  velocity  for  a  main  pore 
of  cross-sectional  area  A,  e.g.,  the  square  area  in  Fig.  1(a). 
Application  to  Eq.  (2)  of  the  divergence  theorem  in  the 
(xj')  plane  gives 

-  io)p(z)  +po  f  a(xjf)'Jr(xj>,z)dS  =  0, 

dz  A  Js 

(3) 


with  S  being  the  perimeter  of  a  main  pore  having  outward 
unit  normal  n  and  dS  an  element  of  perimeter.  In  the  stan¬ 
dard  approach  to  capillary-tube-based  porous  models,  the 
main  pore  wall  is  both  rigid  and  nonporous  and  the  boun¬ 
dary  condition  ▼,.  =  0  at  the  pore  wall  significantly  simpli¬ 
fies  the  pore-averaged  continuity  equation  to 
—  ki)p(z)  +po  dv,  {z)/dz  =  0. 

According  to  Eq.  (3)  average  gas  density  in  the  main 
pore  cnanges  in  time  due  to  compression  of  the  gas  and  as  a 
result  of  mass  Rux  pon{xjf)’y,.ix,y,2)  into  the  pore  wall.  A 
reasonable  assumption  is  that  the  porous  wall  radius  of  cur¬ 
vature  in  a  transverse  plane  is  much  greater  than  typical  wall 
pore  diameters.  Under  this  assumption  the  porous  wall  can 
be  taken  locally  to  be  a  flat  surface  having  a  specific  acoustic 
impedance  Z„.  In  this  averaged  sense  continuity  of  the  nor¬ 
mal  component  of  (Fig.  2  shows  the  normal)  at  the  main- 
pore  porous-wall  boundary  is  taken  to  be 

B(Jtj>)*T,(xj^,z)  =p(z)/Z„.  (4) 

Here  p(.z)/Z„  is  the  longitudinal  particle  velocity  in  the  wall 
pores  evaluated  at  the  interface  of  the  main  pore  and  en¬ 
trance  to  the  wall  pores.  As  discussed  above,  p(z)  is  taken  to 
be  constant  in  a  given  cross  section  of  a  main  pore.  Use  of  the 
boundary  condition,  Eq.  ( 4) ,  in  the  continuity  equation,  Eq. 
(3),  gives 


-iapiz)  +po 


dv,  (z) 
dz 


PoP{2)  s 

Z„  A 


(5) 


where  S  is  the  perimeter  of  the  arbitrarily  shaped  main  pore, 
e.g.,  the  square  in  Fig.  1(a). 

Other  relations  among  the  acoustic  quantities  are  pro¬ 
vided  by  momentum,  state,  and  heat  flow  equations.  The  z 
component  of  the  momentum  equation  in  a  single  main  pore 
is' 


-  mpoV,{xya)  =  -  -I-  TfVlv,(x,y,z).  (6) 

dz 

The  boundary  condition  for  Eq.  (6)  is  v,{x,y,z)  =  0  for  x 
and  y  on  the  nominal  location  of  the  main  pore  boundary. 
This  boundary  condition  assumes  that  the  transverse  particle 
velocity  in  the  wall  pores  is  zero  since  wall  pore  diameters  are 
much  less  than  the  viscous  penetration  depth.  The  solution 
of  Eq.  (6),  when  averaged  over  the  cross  section  of  the  main 
pore,  as  was  done  above  for  the  continuity  equation,  is  writ¬ 
ten  symbolically  as' 
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io)pf^v,{z)  =  (7) 

02 

where  F(/l )  is  a  complex  pore-geometry-dependent  function 
that  defines  a  complex  density  po/F(X )  for  gas  in  the  main 
pore.  Recall  that  A  =  R(poCo/ijV^^,  where  R  =  1A/S.  For 
main  pores  having  rectangular  cross  sections  of  semiwidths 
a  and  b,R=‘  lab /{a  -t-  b), 

(8) 

and  the  function  F{X)  is'*^ 


(9) 


The  odd  integers  m  and  n  in  Eq.  (9)  range  from  1  to  oo .  Note 
that  X  and  hence  F{X)  is  a  function  of  a/b  for  rectangular 
pores. 

Density  changes  in  the  wall  pores  are  taken  to  occur 
isothermally,  as  discussed  above.  Excess  temperature  goes  to 
zero  at  the  nominal  location  of  the  main  pore  boundary, 
which  is  the  usual  boundary  condition.  The  heat  equation 
and  equation  of  state  can  be  combined  to  obtain  an  expres¬ 
sion  for  the  excess  density  in  the  main  pore. '  Averaging  the 
excess  density  over  the  pore  cross  section  gives' 

p(z)  =  {[y- (Y- \)F{Xr)]/(^)p(z),  (10) 

where  c  is  the  adiabatic  sound  speed,  y  is  the  ratio  of  specific 
heats,  and  FiXj.)  is  given  by  Eq.  (9)  for  rectangular  pores 
and  argument  Xt  =  N'^X.  For  wide  main  pores  such  that 
At--*  -^(^r)  -*  i  so  that  compressions  are  adiabatic  and 

p(,2)  —p(z)/c^.  For  narrow  main  pores  such  that  Xt-*Q, 
F(Xr)—0  so  that  compressions  are  isothermal  and 
p(z)  =  p(z)/(<^/y).  Useof  Eq.  ( 10)  in  the  averaged  contin¬ 
uity  equation,  Eq.  (S),  gives 


^r-(y-  l)F(Xr) 


+ 


2ipo  \ 
RcjZ^J 


p(z) 


+  Po 


dv,{z) 

dz 


=  0, 


(11) 


where  R  =  2A/S  was  used. 

The  model  is  shown  in  Fig.  1  (b)  for  a  bulk  porous  media 
consisting  of  N  main  pores  per  unit  area,  each  having  cross- 
sectional  area  A.  The  area  A  and  porosity  Q.  =  N  A  are  to  be 
measured,  assuming  that  no  wall  pores  are  present.  For  com¬ 
pleteness,  allow  each  main  pore  to  also  have  a  tortuosity  9.  In 
the  present  context,  q  allows  for  the  possibility  of  a  gentle 
longitudinal  curvature  of  each  main  pore,  or  a  tilt  angle  6  of 
the  main  pore  axis  for  which  q  —  1/cos  6.  Bulk  acoustical 
equations  for  porous  media  are  obtained  by  using 
F'^(z)  =  Ylv,{z)/q  and  by  replacing  dz  with  qdz.'  Here 
(z)  is  a  bulk  particle  velocity  averaged  over  unit  cross 
section  of  porous  sample.  Resulting  bulk  equations  are  from 
Eq.  (7), 

uopr>^y^{z)=FiX)^B^^,  (12) 

Cl  qdz 

and  from  Eq.  (11), 


—  iw^ 


y-(y-l)F{Xr)  lipo 


+  ■ 


r) 

-'m  / 


p(z) 


a  dV.^(z) 

+  FO-J— V-  =  0.  (13) 

Q  qdz 

Multiplying  Eq.  ( 1 3 )  by  ( uu ) ,  taking  d  /qdz  of  Eq.  (12),  and 
eliminating  F^(z)  from  the  resulting  equations  gives  an 
equation  for  pressure  waves  of  constant  frequency, 


d^pjz)  ^  Q}^  y~  (y—  l)F(Xr) 

d^  (c/q)^  F(X) 

x(l-h - - - ?f_'\p(z)=0,  (14) 

V  y-(y~l)F(Xr)wRcJ*^ 

where  =  Z„/poC  is  the  normalized  wall  specific  acoustic 
impedance. 

The  complex  wave  number  and  characteristic  impe¬ 
dance  of  porous  wall  porous  media  are  obtained  from  Eq. 
( 14)  and  Eq.  ( 12).  Assuming/xzexpf/kz),  Eq.  ( 14)  yields 
a  dispersion  relation  for  the  complex  wave  number  k, 

(15) 

where 


=  lw/(c/q)]yj[y- (r-  l)F(Xr)]/FU).  (16) 

is  the  propagation  constant  for  nonporous  main-pore  walls 
and 

^=1  -)-c/[y-  (y-  \  )F{Xr)]U/<oR^J,  (17) 

where  a  binomial  expansion  for  the  square  root  was  applied 
because  ^u>  >  1  ■  From  Eq.  ( 1 2 )  the  normalized  characteristic 
impedance  ^  =  Z  /p^c  of  the  material  is 


(18) 

where 

^  i - -  ^  .  .  (19) 

W)'^*  n  (j'-  l)F(/lr) 

is  the  impedance  for  nonporous  main-pore  walls'  and 

I-  -  '=;  1  -  c/[y  -  (y  -  1)W^)  1  U/oiR^,^).  (20) 

Recall  that  is  the  normalized  wall  specific  acoustic  impe¬ 
dance. 

The  model  illustrated  in  Fig.  1(a)  and  ( b )  assumes  wall 
pores  are  of  length  d„  and  terminate  in  the  pore  wall.  A 
reasonable  model  for  wall  impedance  is  a  rigid-backed  layer 
model  with  =  i^^  cot(k„d„ )  :zi^^/{k^d^ ),  where  the 
cotangent  approximation  applies  when  k^d,^<l,  k^  is  the 
propagation  constant  for  the  wall  pores,  and  ihe  nor¬ 
malized  characteristic  impedance  of  the  wall.  An  impedance 
model  for  sufficiently  low  frequency  and  wall  pores  with 
geometries  such  that  <  1  has  =  q,^w(8iy)'''V(cX^) 
and  (8//y) ),  where  q^  and  n„,  are  the 

tortuosity  of  wall  pores  and  the  porosity  of  the  wail. ' '  Wall 
porosity  is  defined  as  the  open  volume  in  the  walls  divid¬ 
ed  by  the  total  volume  of  the  walls.  Combining  these  expres¬ 
sions  gives  a  wall-pore  normalized  specific  acoustic  impe¬ 
dance  that  is  independent  of  /l„, 

S„siic/o)yCl„d„.  (21) 

UseofEq.  (21)  inEq.  (17)  gives 
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^=1  + 
=  1  + 


Y-{r-\)F{Xr)  R 

y  CIt  —  fl 

y-ir-DFUT)  2Sl  ’ 


(22) 


where  in  the  second  form,  the  total  porosity  fir  is  the  total 
open  volume  (wall-pore  volume  plus  main  pore  volume) 
divided  the  total  sample  volume.  Equation  (22)  was  ob¬ 
tained  using  the  relation 


nr  =  n(i  -t-2n„d„/^). 


(23) 


The  total  porosity  Clr  can  be  obtained  from  Eq.  (23)  by 
measuring  fl  and  R,  and  by  optimizing  agreement  between 
theory  and  experiment  to  obtain  n„  and  d„.  This  is  dis¬ 
cussed  further  in  Sec.  III. 

For  main  pores  large  enough  that  >lr>l  so  that 
F(Xt)  =  1,  !■>  1  is  a  real  quantity.  Consequences  of  1 
are  seen  in  Eq.  (IS)  and  the  definition  k  =  o}/c^  +ia, 
where  Cp,,  is  the  phase  velocity  and  a  is  the  attenuation  con¬ 
stant.  Attenuation  is  increased  by  I  and  phase  velocity 
decreased,  and  by  Eq.  ( 18)  the  characteristic  impedance  is 
decreased.  The  factor  (y—  DFCAt-)]  may  be  attri¬ 

buted  to  the  difference  in  compressibility  of  gas  in  the  main 
pore  and  much  smaller  wall  pores.  Acoustical  methods  for 
determining  the  ratio  (Hr  —  fl)/(l  occurring  in  Eq.  (22) 
may  be  of  interest  in  nondestructive  evaluation  of  materials. 

The  normalized  specific  acoustic  impedance  of  a  ri¬ 

gid-backed  square  pore  sample  is 

-i^cot(kL),  (24) 


where  L  is  its  length.  Calculations  of  will  be  compared 
with  measurements  in  Sec.  III.  It  is  noteworthy  that  this 
measurement  is  sensitive  to  both  the  characteristic  impe¬ 
dance  $  and  the  complex  wave  number  k  of  the  mateiial 
when  absorption  over  length  IL  is  not  severe. 


II.  SPECIFIC  ACOUSTIC  IMPEDANCE  MEASUREMENTS 

The  ceramic  porous  material  has  straight  tubes  with 
square  cross  sections,  as  shown  schematically  in  Fig.  3.  The 


ALUMINUM  DISK  ALUMINUM  DISK 

RIGID  TERMINATION  RANGE 


FIG.  3.  Amnieiiiciit  of  ceramic  sample  and  aluminum  support  disks. 
Threaded  rod  standoA  arere  used  between  the  aluminum  disks  to  add  struc¬ 
tural  support  Impedance  measurements  were  made  with  the  ceramic  sam¬ 
ple  attached  to  the  impedance  tube  in  Fig.  3. 


side  of  the  ceramic  facing  the  impedance  tube  was  flush 
mounted  into  an  aluminum  disk  of  thickness  1.27  cm.  An¬ 
other  solid  aluminum  disk  of  the  same  thickness  had  a  hole 
of  depth  0.32  cm  and  diameter  of  14.6  cm  machined  into  it  so 
that  the  ceramic  could  be  attached.  The  ceramic  and  alu¬ 
minum  pieces  were  attached  using  epoxy.  The  solid  alu¬ 
minum  disk  acts  as  a  rigid  termination  for  the  sample.  An  O 
ring  was  machined  into  the  open  disk  to  form  a  seal  with  the 
impedance  tube.  Threaded  rod  not  shown  in  Fig.  3  was  bolt¬ 
ed  between  the  aluminum  pieces  to  add  structural  support. 
The  outer  ceramic  surface  was  sealed  against  leaks  by  cover¬ 
ing  it  with  polyurethane. 

Specific  acoustic  impedance  (SAI)  measurements  were 
made  on  a  square  pore  ceramic  sample  having  a  nominal  cell 
density  of  C  =  200  po^es/in.^  average  square  pore 
semiwidth  a  of  0.768  mm  ±  0.01  mm,  and  length  L  of  49.S 
cm.  Porosity  associated  with  main  pores  using 
n  =  C(2a)^  =  73%.  This  value  of  porosity  was  computed 
assuming  nonporous  walls,  as  dictated  by  the  theory  in  Sec. 
I.  Wall  thickness  was  3:0.27  mm.  The  value  a  =  0.77  mm 
was  used  in  the  calculations.  The  uncertainty  in  a  was  com¬ 
puted  from  the  standard  error  of  2S  measurements. 

AAer  SAI  measurements  were  made  on  the  dry,  porous 
wall  sample,  the  ceramic  was  flooded  with  water.  Strong 
molecular  attraction  between  water  molecules  and  the  cera¬ 
mic  held  water  in  the  small  volumes  of  the  wall  pores.  How¬ 
ever,  water  in  the  main  pores  was  easily  removed  by  shaking 
the  sample.  Thus  a  three  phase  (water,  ceramic,  and  air) 
sample  was  produced.  Because  of  the  huge  impedance  mis¬ 
match  though,  the  combination  of  wall-pore  water  and  cera¬ 
mic  sample  wall  are  considered  a  rigid  matrix.  This  combin¬ 
ation  gave  us  an  ideal  porous  sample  consisting  of  straight, 
square-pore  capillaries  with  nonporous  walls.  SAI  measure¬ 
ments  were  also  made  on  this  three-phase  sample. 

Figure  4  shows  a  representative  optical  microscope  pho¬ 
tograph  from  several  that  were  taken  of  the  pore  walls. 


1  mm 


FIO.  4.  Rqmsenutive  optical  microicope  photograph  of  the  porous  cera¬ 
mic  waU. 
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Clearly  the  ceramic  sample  has  finite  wall  porosity.  The 
larger  pore  diameters  were  estimated  to  be  100  /xm.  The  in¬ 
terior  wall  pore  volume  is  roughly  spherically  shaped, 
though  the  walls  are  not  smooth.  Wall  pores  with  small  dia¬ 
meters  in  Fig.  4  often  open  to  larger  diameter  cavities  in  the 
ceramic  walk.  Wall  porosity  was  estimated  to  be  =  49% 
by  maximizing  agreement  between  the  experimental  impe¬ 
dance  measurement  and  the  theoretical  expression,  which  is 
a  function  of  n„.  An  estimate  of  </„  =  100 /im,  the  depth  of 
wall  pores,  as  shown  schematically  in  Fig.  1  (a),  was  made 
using  a  profileometer.  The  estinuted  values  of  and  d„ 
will  be  used  in  Sec.  Ill  to  compute  the  total  sample  porosity 
from  use  of  Eq.  (23).  It  appeared  that  wall  pores  do  not 
connect  by  air  adjacent  main  pores. 

An  impedance  tube  shown  schematically  in  Fig.  5  was 
used  to  measure  the  specific  acoustic  impedance  of  a  rigid- 
backed  ceramic  sample  shown  schematically  in  Fig.  3.  Im¬ 
pedance  tube  design  criteria  and  theory  of  operation  are  de¬ 
scribed  elsewhere. A  dynamic  signal  analyzer  was  used 
in  a  swept  sine  mode  to  drive  a  power  amplifier  that  was 
connected  to  the  Altec  driver.  Denote  by  /f,,  the  transfer 
function  between  microphones  Ml  and  M2  in  Fig.  3.  The 
analyzer  was  also  used  to  measure  1/^.  The  frequency  range 
of  interest  was  73-1300  Hz,  and  the  cutoff  frequency  for 
radial  modes  in  the  tube  was  approximately  1373  Hz.  The 
analyzer  was  interfaced  with  a  minicomputer  to  download 
Hff  for  the  impedance  calculation.  A  transfer  function  H  ;,is 
measured  and  the  measurement  is  repeated  with  the  micro¬ 
phones  reversed,  obtaining  H  f,  .  Since  the  transfer  function 
used  in  the  calculation  isHy  ~  (H  ;,//f  7, )  the  frequency 
response  of  each  microphone  cancels  so  that  one  need  not  be 
overly  concerned  with  the  microphone  frequency  response 
or  calibration. 

III.  DISCUSSION  OF  EXPERIMENTAL 

AND  CALCULATED  COMPLEX  WAVE  NUMBER 

AND  SPECIFIC  ACOUSTIC  IMPEDANCE 

The  complex  wave  number  for  C  =  200  pores/in.  ^  ce¬ 
ramic  samples  was  previously  measured  using  a  time  domain 
technique.  Experimental  results  are  shown  in  Fig.  6(a)  and 
( b )  for  phase  velocity  and  attenuation  constant.  Also  shown 
are  theoretical  results  for  porous-wall  porous  media  theory 
[Eqs.  (13)  and  (22)]  and  nonporous-wall  theory  [Eq. 
( 16)  ].  Porous-wall  theory  results  agree  much  more  favor¬ 
ably  with  experimental  points  than  the  nonporous-wall  theo¬ 
ry.  Porous-wall  theory  underestimates  the  attenuation  con- 
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FIO.  5.  Impedance  tube  geometry. 


FIG.  6.  (a)  AttenuationconstantaiHl(b)  phase  velocity  measurements  and 
theory.  The  solid  symbols  are  experimental  results  for  ceramic  square  pore 
samples.  Error  bars  were  estimated  to  be  twice  the  symbol  size  in  (a)  and  a 
representative  error  bar  is  shown  in  (b).  Solid  lines  and  broken  lines  are 
porous-wall  and  nonporous-wall  porous-media  theory. 


stant  though,  particularly  at  higher  frequencies.  In  previous 
work  it  was  noted  that  use  of  an  anomalous  tortuosity 
9  =  1.1  [in  the  nonporous-wall  theory  Eq.  ( 16)  ]  was  neces¬ 
sary  to  obtain  satisfactory  agreement  among  theoretical  and 
measured  values  of  the  complex  wave  number.  This  value  of 
tortuosity  is  anomalous  since  porous  media  consisting  of 
straight,  rigid,  nonporous  capillary  tubes,  which  was  the 
model  being  used,  has  9=1.  The  slightly  frequency-depen¬ 
dent  complex  factor  computed  from  Eq.  ( 22 )  is  1 . 1 .  This 
theoretical  Justification  for  multiplying  the  complex  wave 
number  by  a  nonunity  factor  even  though  the  capillary 
tubes  are  straight,  is  a  main  result  of  this  paper. 

Measured  and  calculated  specific  acoustic  impedance 
are  shown  in  Fig.  7,  with  the  real  part  in  Fig.  7(a)  and  the 
imaginary  part  in  Fig.  7(b).  The  theoretical  expression  for  a 
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FIO.  7.  (a)  Real  and  (b)  imagiiiafy  speci6c  acouatic  impedance  meanire- 
nienu  and  theory.  Experimental  measurementa  an  given  by  small  squaies, 
which  nearly  form  a  oontiniioiia  curve.  Measurements  with  the  wall  pores 
filled  with  water  are  marked  with  large,  solid  squares.  These  measurements 
agree  fisvaraMy  with  the  nonporous-wall  theory  given  by  the  daahed  tinea. 
Measurements  and  theory  for  porous  walls  are  marked  with  open  squares 
and  solid  fines,  respectively. 


rigid4Mcked  sample  is  given  by  Eq.  (24).  Impedance  was 
normalized  by  the  characteristic  impedance  of  air.  Con> 
stnictive  and  destructive  interference  of  downgoing  and  up- 
going  waves  in  the  ceramic  sample  results  in  the  obvious 
structure  on  the  impedance  curves.  Nonporous-wall  theory 
was  computed  from  the  use  of  Eq.  ( 19),  and  porous-wall 
theory  from  Eq.  (18)  and  Eq.  (22).  With  the  wall  pores 
filled  with  water,  SAl  measurements  agree  favorably  with 
nonporous-wall  theory.  When  the  wall  pores  are  open  SAl 
measurements  agree  favorably  with  porous  wall  theory.  The 
locatitm  of  peaks  and  minima  agree  favorably;  however,  the 
computed  impedance  is  less  than  the  measured  impedance 
near  minima  of  the  real  part.  Part  of  this  discrepancy  may  be 
attributed  to  boundary  layer  absorption  on  the  rigid  termin¬ 


ation  of  the  ceramic  sample:  This  is  not  accounted  for  in  Eq. 
(24).  Porous-wall  theory  gives  an  impedance  greater  than 
the  measured  impedance  for  higher  frequencies.  This  is  con¬ 
sistent  with  phase  velocity  and  attenuation  measurements 
shown  in  Fig.  6,  since  the  frequency  of  impedance  maxima 
and  minima  is  governed  primarily  by  the  phase  velocity  and 
the  impedance  magnitude  is  governed  by  the  attenuation 
constant.  The  assumptions  made  in  Sec.  I A  for  developing 
the  porous-wall  porous-media  theory  are  less  valid  for 
higher  frequencies,  since  s  1.2. 

Wall  porosity  n„  was  used  as  an  adjusuble  parameter 
in  Eq.  (22)  to  obtain  the  theoretical  wall  porosity  SAl 
curves  in  Fig.  7(a)  and  (b).  (Thampoux  and  Stinson  mea¬ 
sured,'^  using  an  air-based  system,'^  the  total  porosity  (It- 
of  a  ceramic  sample  of  the  same  type  used  in  our  measure¬ 
ments.  Use  of  Eq.  (23)  gives  Dr  =  0.82,  which  is  in  accepta¬ 
ble  agreement  with  the  value  Hr  =  0.87  ±  O.OS  determined 
by  Champoux  and  Stinson. 

In  previous  work,  we  referred  to  the  effects  of  finite  wall 
porosity  as  an  “anomalous  tortuosity  factor.”  This  notion  is 
incorrect,  for  by  Eq.  ( 19),  the  characteristic  impedance  is 
proportional  to  tortuosity  q.  Thus  characteristic  impedance 
should  increase  if  finite  wall  porosity  simply  caused  the  tor¬ 
tuosity  to  increase.  Finite  wall  porosity  increases  the  bulk 
compressibility  of  gas  in  the  pores.  Since  the  complex  wave 
number  (characteristic  impedance)  are  proportional  (in¬ 
versely  proportional)  to  the  square  root  of  compressibility, 
they  increase  (decrease)  on  account  of  finite  wall  porosity, 
as  shown  quantitatively  in  Eq.  ( IS)  [Eq.  ( 18)  ]. 


IV.  CONCLUSION 

A  theory  has  been  developed  for  propagation  in  capil¬ 
lary-tube-type  porous  media  in  which  the  capillary  tubes 
have  small  pores  in  the  walls.  The  wall  pores  were  modeled 
as  a  thin-layered  impedance  at  the  main  pore  wall.  The  wall 
impedance  was  taken  to  be  reactive  with  the  reactance  due  to 
small  wall  pores.  Phase  velocity  is  decreased,  attenuation  is 
increased,  and  characteristic  impedance  is  decreased  on  ac¬ 
count  of  finite  wall  porosity.  Specific  acoustic  impedance 
measurements  on  a  ceramic  sample  having  both  porous  and 
nonporous  walls  agree  favorably  with  the  calculated  values 
for  these  two  cases.  This  model  may  be  useful  for  sound 
propagation  in  soils  having  large  cracks  and  for  evaluating 
the  walls  of  tubes  that  are  susceptible  to  damage  by  pitting. 
This  work  offers  an  explanation  for  the  anomalous  tortuo¬ 
sity  factor,  which  was  used  previously'  for  the  square  pore 
ceramic  samples. 


ACKNOWLEDGMENTS 

We  are  grateful  to  Heui-Seol  Roh  and  Henry  E.  Bass  for 
their  conunents  and  suggestions,  to  Yvan  Champoux  and 
Michael  R.  Stinson  for  porosity  measurements  of  our  cera¬ 
mic  samples  and  to  Brett  Bolen  for  assistance  with  impe¬ 
dance  tube  measurements.  Portions  of  this  work  were  fund¬ 
ed  by  the  United  States  Department  of  Agriculture,  the 
Office  of  Naval  Research,  and  the  U.S.  Army  Construction 
Engineering  Research  Laboratory. 


3306 


J.  Aooutt  Soc.  Am.,  Vol.  90,  No.  6,  Docambor  1901 


Amott  at.  Sound  prooagation  in  porous  media 


3305 


'  H.  S.  Roh.  W.  P.  AnMtt,  J.  M.  Sabatier,  and  R.  Raapet,  “Meaaurcfnent 
and  calculation  of  acouatic  propagation  constants  in  anays  of  small  air- 
Slled  rectangular  tubes,”  J.  Acousi.  Soc.  Am.  S9,  2617-2624  ( 1991 ). 

’  M.  Stinson.  “The  propagation  of  plane  sound  waves  in  narrow  and  wide 
circular  tubes,  and  generalization  to  uniform  tubes  of  arbitrary  cross-sec¬ 
tional  shape,"  J.  Acoust.  Soc.  Am.  W,  3SO-JS8  ( 1991). 

'C.ZarikkerandC.  W.  Kasten.5<NMdi46sor6ingM’aferials(Elsevier.  Am- 
stddam,  1949),  pp.  21  and  123. 

*  A.  D.  Pierce,  Acoustics:  Mu  IntradyeiioH  to  Its  Physieai  PrineipUs  and 
AppUeations  (Acoustical  Society  of  America,  New  York,  1989),  pp.  332- 
334. 

’P.M.  Morse,  Pitwitwn  and  Saiiiid  (American  Institute  of  Physics,  New 
York,  1976),  p.  371. 

*3.  E.  White.  Underground  Sound:  Appikatwn  of Stismie  IKniet  (Elsevier. 
New  York,  1983).  pp.  131-134. 

'3.  3.  Burton  and  R.  L.  Garten,  Advanced  Materials  in  Catalysis  (Aca¬ 
demic  Prcsa,  New  York,  1977),  Chap.  10. 

'Equation  (31.4),  p  371  of  Ref.  3  shoarn  that  the  principal  mode  in  ducts 
with  absorbing  tinm  is  not  a  perfect  plane  svave  because  the  pressure  am¬ 
plitude  depends  on  the  transverie  coordinates  (jK,y  coordinates  in  Fig. 
1(a)).  The  transverse  variation  can  be  shown  to  be  negligible  in  the  limit 


of  large  wall  impedance  and  small  ratio  of  pore  diameter  to  acoustic  wave¬ 
length. 

"See  Figs.  2  and  3  in  Ref.  2. 

"’H.  Tijdeman.  “On  the  propagation  of  sound  waves  in  cylindncal  tubes," 
J.  Sound  Vib.  39.  1-33  (1973). 

' '  This  model  is  discussed  in  Ref  4,  p.  337.  Use  has  been  made  of  the  defini¬ 
tion  of /!„  =  ''^0^,  where  is  the  wall  pore  radius  assumed  to 

be  circular  here.  The  normalized  specific  acoustic  impedance  is  that  of 

a  narrow  short  tube  of  length  d„  for  isothermal  sound  speed  Also 
see  L.  L.  Beranek,  Acotatics  ( American  Instutute  of  Physics,  New  York, 
1986),  pp.  34-33. 

"A.  F.  S^bert  and  D.  F.  Ross,  “Experimental  determination  of  acoustic 
properties  using  a  two-microphone  ruidom-excitalion  technique,”  3. 
Acoust.  Soc.  Am.  61.  1362-1370  ( 1977). 

"3.  Y.  Chung  and  D.  A.  Blaser,  “Transfer  function  method  of  measuring 
in-duct  acouatic  properties.  I.  Theory.”  3.  Acoust.  Soc.  Am.  68, 907-9 1 3 
(1980). 

"Y.  Champoux  (private communication,  1991 ). 

"  Y.  Champoux,  M.  R.  Stinson,  and  G.  A.  Daigle.  "Air-based  system  for 
the  measurement  of  porosity,”  3.  Acoust.  Soc.  Am.  89. 910-916  ( 1991 ). 


I 

I 


J.  Acoml  Soc.  Am..  Vol.  90.  No.  6.  Docombor  1091 


Amott  or  8/. :  Sound  propagation  in  porous  mottt 


3306 


Study  of  a  thermoacoustic  prime  mover  below  onset  of  self¬ 
oscillation 
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The  frequency  response  of  a  thermoacoustic  prime  mover  has  been  measured  as  a  function  of 
the  mean  gas  pressure  and  temperature  gradient  across  the  prime  mover  stack.  The  quality 
factor  Q  and  resonance  frequency  can  be  determined  from  the  response.  As  the  temperature 
gradient  is  increased,  the  Q  increases,  indicating  a  decrease  in  attenuation  across  the  stack.  At 
sufficiently  large  temperature  differences  ( ~300  K).  the  resonator  goes  into  self-oscillation, 
indicating  negative  attenuation.  Measurements  are  reported  for  helium  and  argon  at  pressures 
ranging  from  170-S(X)  kPa  and  temperature  gr»lients  ranging  from  zero  to  that  required  for 
onset  of  self-oscillation.  The  results  are  explained  in  terms  of  a  counterpropagating,  plane-wave 
analysis,  based  on  techniques  commonly  used  in  porous  media  investigations.  In  general,  the 
predictions  of  the  analysis  are  in  good  agreement  with  experiment.  The  predictions  of  Q  and 
the  change  in  resonance  frequency  with  mean  gas  pressure  are  within  approximately  S%  and 
0.4%  of  measured  values  for  the  no  temperature  gradient  cases.  In  the  cases  where 
temperature  gradients  are  present,  the  agreement  is  quite  good  for  the  two  highest  mean 
pressures  reported  (370  and  S(X)  kPa).  There  are  some  noticeable  discrepancies  at  the  lowest 
pressure  ( 170  kPa).  The  reasons  for  these  discrepancies  are  unknown. 

PACS  numbers:  43.25.  Vt,  43.35.Ud 


INTRODUCTION 

Swift'  and  others^"*  have  developed  theories  that  can  be 
used  to  predict  the  onset  of  self-oscillation  and  the  quality 
factor  Qofi  thermoacoustic  prime  mover.  Their  models  are 
based  on  a  thermodynamic  approach  that  considers  energy 
transfer  and  dissipation  on  the  exposed  surfaces.  This  treat¬ 
ment  agrees  with  experimental  results  and  includes  all  the 
applicable  physics.  It  does  have  one  disadvantage.  As  formu¬ 
lated,  it  is  not  simple  to  transfer  extensive  research  of  the 
acoustic  properties  of  porous  materials  to  performance  pre¬ 
dictions  of  thermoacoustic  devices.  One  goal  of  this  article  is 
to  develop  such  a  formalism,  which  will  be  especially  attrac¬ 
tive  when  considering  the  use  of  alternate  geometries  in  the 
prime  mover  stack. 

In  the  following,  we  apply  the  standard  treatment  of 
acoustic  waves  in  porous  media  and  propagation  in  a  tube 
with  multiple  boundaries  to  predictions  of  prime  mover  per¬ 
formance.  Except  for  one  equation  for  heat  flow  in  the  pres¬ 
ence  of  a  temperature  gradient,  all  equations  and  their  de¬ 
scription  can  be  found  in  standard  acoustics  textbooks.'*  As 
one  might  expect,  all  the  needed  expressions  without  a  tem¬ 
perature  gradient  can  be  found  in  the  works  of  Lord  Ray¬ 
leigh.’ 

I.  EXPERIMENTAL  APPARATUS  AND  PROCEDURE 

We  measured  the  frequency  response  of  a  thermoacous¬ 
tic  prime  mover  as  a  function  of  the  mean  gas  pressure  and 
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temperature  gradient  across  the  prime  mover  stack.  The 
quality  factor  Q  and  resonance  frequency  can  be  determined 
from  the  response.  The  temperature  gradients  ranged  from 
zero  to  that  required  for  the  onset  of  self-oscillation.  To  gain 
confidence  in  the  measurement  technique,  we  first  measured 
the  response  of  two  simpler  resonator  configurations:  an 
empty,  rigidly  terminated  tube,  and  the  empty  tube  plus  the 
ambient  heat  exchanger.  These  configurations,  and  that  of 
the  prime  mover,  are  discussed  in  Sec.  1  A.  Temperature 
control  and  measurement  are  discussed  in  Sec.  I  B,  followed 
by  a  discussion  of  the  data  acquisition  procedure  in  Sec.  I  C. 


A.  Rasonator  configurations 

The  three  different  resonator  configurations  are  the 
empty,  rigidly  terminated  resonant  tube;  the  empty  tube  plus 
the  ambient  heat  exchanger;  and  the  prime  mover.  The  emp¬ 
ty  resonator  is  made  from  two  3.82-cm-i.d.  ( inner  diameter) 
copper  tubes,  separated  by  a  2. 1 8-cm-long  brass  section  hav¬ 
ing  a  slightly  larger  inner  diameter.  This  brass  section  is 
called  the  ambient  heat  exchanger  container.  The  lengths  of 
the  two  sections  of  copper  tube  are  1 1.43  and  87.95  cm.  One 
end  of  each  section  is  fitted  with  a  flange  that  allows  them  to 
be  soldered  to  the  ambient  heat  exchanger  container.  A  0.64- 
cm-thick  copper  cap  is  fixed  to  the  other  end  of  each  section, 
forming  a  closed,  rigid  termination.  The  cap  on  the  longer 
section  houses  a  I.9-cm-diam  electret  driver  and  a  0.59-cm- 
diam  electret  microphone.  The  driver  and  microphone  are 
flush  mounted  and  sealed  in  the  end  cap  with  epoxy.  Even 
with  the  driver  and  microphone  mounted  in  the  end  cap.  our 
measurements  show  that  it  still  behaves  as  a  rigid  termi- 
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nation.  The  total  length  of  the  resonator,  including  the  heat 
exchanger  container,  is  101. 36  cm  (internal  dimensions). 
The  resonator  is  connected  to  a  gas  handling  system, 
through  a  (ill  tube  in  the  ambient  heat  exchanger  container. 
This  connection  allows  for  evacuation  of  the  resonator  be¬ 
fore  pressurization  with  gas  ( helium  or  argon )  and  a  system 
vent.  A  dial  pressure  gauge  and  an  Omega  model  PX304- 
1 SOA  V  pressure  transducer  are  connected  to  the  fill  line  to 
sense  the  mean  pressure  inside  the  tube.  The  driver  input 
signal  is  provided  by  an  HP  332SA  function  generator  and 
amplified  by  a  Techron  model  7320  power  amplifier.  The 
microphone  output  signal  is  amplified  by  a  preamplifier  with 
a  gain  of  1(X). 

The  second  configuration  differs  from  the  first  only  in 
that  the  ambient  heat  exchanger  is  mounted  in  the  ambient 
heat  exchanger  container.  The  ambient  heat  exchanger  con¬ 
sists  of  two  stacks  of  parallel  plates.  Each  stack  is  composed 
of  twenty  five  0.043-cm-thick,  1.02-cm-long  copper  plates. 
The  gap  between  each  plate  is  0. 104  cm.  The  two  stacks  are 
mounted  in  a  3.82-cm-i.d.  copper  tube  such  that  there  is  a 
0.13-cm  gap  between  them.  (This  double  stack  heat  ex¬ 
changer  is  not  necessary  for  these  measurements;  a  single 
stack  would  suffice.  However,  the  double  stack  will  be  need¬ 
ed  in  a  future  phase  of  this  research. ) 

The  third  configuration,  the  prime  mover,  differs  from 
the  second  by  replacing  the  shorter  section  of  copper  tube 
used  in  the  first  two  configurations  with  a  different  section 
This  section  consists  of  a  nickel  heater  section,  a  nickel  hot 
heat  exchanger,  and  a  stainless  steel  prime  mover  stack.  The 
heater  section  consists  of  a  S.08-cm-o.d.,  3.82-cm-i.d.,  3.30- 
cm-long  nickel  tube.  The  0.63-cm  wall  thickness  along  with 
the  use  of  nickel  with  its  high  thermal  conductivity  is  intend¬ 
ed  to  insure  that  the  temperature  along  the  heater  section  is 
uniform.  One  end  of  the  tube  is  rigidly  capped  and  drilled  to 
accommodate  a  thermocouple  probe,  used  to  sense  the  hot 
heat  exchanger  temperature.  The  hot  heat  exchanger  is 
mounted  at  the  other  end  of  the  heater  section.  This  heat 
exchanger  consists  of  twenty-five  0.045-cm-thick,  0.762-cm- 
long  nickel  plates.  The  gap  between  each  plate  is  0. 104  cm. 
The  distance  from  the  closed  end  of  the  heater  section  to  the 
beginning  of  the  hot  heat  exchanger  is  3.30  cm.  The  prime 
mover  stack  consists  of  thirty-five  0.028-cm-thick  304  stain¬ 
less  steel  plates,  3.30  cm  long  and  spaced  by  0.077  cm.  This 
stack  is  housed  within  a  thin  walled  (0.03  cm  thick)  stainless 
steel  tube.  One  end  of  this  stainless  steel  tube  is  welded  to  the 
nickel  tube  such  that  the  hot  heat  exchanger  and  prime  mov¬ 
er  stack  are  in  contact.  The  other  end  of  the  stainless  steel 
tube  is  fitted  with  a  flange  so  that  the  entire  section  can  be 
soldered  to  the  ambient  heat  exchanger  container.  Summa¬ 
rizing  the  prime  mover  configuration,  it  consists  of  a  3.30- 
cm-long  nickel  tube,  a  0.762-cm-long  hot  heat  exchanger,  a 
3.30-cm-long  prime  mover  stack,  a  2.18-cm-long  double 
stack  ambient  heat  exchanger,  and  an  87.9S-cm-long  copper 
tube.  The  total  length  of  the  prime  mover  is  99.9  cm.  The 
configuration  is  shown  in  Fig.  1. 

B.  Temp«ratur«  control  and  maaaurement 

The  nature  of  the  experiment  requires  that  a  tempera¬ 
ture  difference  be  established  across  the  prime  mover  stack 
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FIG.  I.  Diagram  of  the  prime  mover  configuration. 


and  maintained  precisely  ( within  I  K ) .  It  is  also  necessary  to 
eliminate  temperature  gradients  elsewhere  in  the  resonator. 
Temperature  control  of  the  prime  mover  is  achieved  as  fol¬ 
lows.  An  Omega  Engineering  model  HBA  202040  nozzle 
heater  is  clamped  to  the  nickel  heater  section.  Electrical 
power  is  supplied  to  the  heater  through  a  variable  ac  trans¬ 
former.  The  hot  end  is  surrounded  by  insulation  to  reduce 
heat  loss  to  the  room  and  to  help  maintain  a  uniform  tem¬ 
perature  distribution  along  it.  The  ambient  heat  exchanger  is 
maintained  at  near  room  temperature  by  circulating  water 
through  a  jacket  that  surrounds  it.  The  temperature  of  the 
water  is  maintained  with  a  Neslab  model  RET- 1 10  circulat¬ 
ing  temperature  bath.  After  the  water  leaves  the  jacket  it 
circulates  through  flexible  plastic  tubing  that  is  wrapped 
around  the  majority  of  the  length  of  the  longer  section  of 
copper  tube.  This  section  of  tube  is  also  surrounded  by  styro¬ 
foam  insulation  to  help  maintain  a  uniform  temperature  dis¬ 
tribution  along  its  length. 

The  temperature  of  the  prime  mover  is  monitored  by 
four  thermocouples.  A  type  K  thermocouple  is  in  contact 
with  the  center  of  the  hot  heat  exchanger  to  sense  the  tem¬ 
perature  of  the  hot  end.  Three  type  E  thermocouples  are 
glued  to  the  top,  middle,  and  bottom  of  the  cold  end  to  sense 
the  temperature  along  that  section.  The  reference  tempera¬ 
ture  for  the  whole  system  is  found  by  using  a  4-wire  resis¬ 
tance  measurement  of  a  thermistor  mounted  on  an  alumi¬ 
num  isothermal  block.  For  the  first  two  resonator 
configurations,  the  hot  end  is  replaced  by  the  shorter  section 
of  copper  tube  and  the  type  K  thermocouple  is  not  used. 

C.  Data  acquisition 

The  quality  factor  of  the  various  resonator  configura¬ 
tions  is  determined  by  measuring  the  steady-state  frequency 
response.  This  measurement  is  accomplished  by  driving  the 
resonator  at  frequencies  near  resonance  and  measuring  the 
steady-state  amplitude  of  the  microphone  output  signal  with 
a  Stanford  Research  model  SR -330  lock-in  amplifier.  The  Q 
is  determined  by  performing  a  least-squares  fit  of  the  data  to 
the  ideal  response.  Data  acquisition  is  performed  by  a  Stan¬ 
dard  286  personal  computer.  Referring  to  Fig.  2,  the  com¬ 
puter  communicates  with  the  lock-in  amplifier,  the  HP 
3437A  digital  multimeter,  and  the  HP  3323A  function  gen- 
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erator  through  a  GPIB  interface.  Through  the  execution  of 
the  controlling  program,  a  source  signal  is  supplied  by  the 
function  generator  to  the  electret  driver.  The  output  voltage 
from  the  microphone  is  amplified  by  a  preamplifier  and  sent 
to  the  lock'in.  Tlie  output  of  the  lock*in,  as  well  as  all  other 
data  signals  of  interest,  are  fed  to  an  HP  34S7A  multimeter. 
The  output  of  the  multimeter  is  recorded  by  the  computer. 

Before  data  acquisition  is  started,  the  resonator  is  evacu¬ 
ated  and  filled  with  helium  or  argon  to  the  desired  pressure. 
When  data  acquisition  begins,  the  program  records  the  mean 
gas  pressure  within  the  resonator.  Next,  the  approximate 
resonance  frequency  and  the  half-power  bandwidth  are  en¬ 
tered  into  the  computer,  which  then  determines  the  start  and 
stop  frequencies  and  the  frequency  increment.  The  program 
sets  the  driving  frequency  and  measures  temperatures,  fre¬ 
quency,  and  the  output  of  the  lock-in.  The  program  then 
increments  the  frequency  and  repeats  the  process.  The  time 
required  to  measure  the  frequency  response  is  approximate¬ 
ly  S  min. 

The  temperature  along  the  entire  length  of  the  resonator 
is  held  uniform  during  the  measurements  on  the  first  two 
configurations.  For  the  prime  mover  configuration,  the  tem¬ 
perature  of  the  hot  end  is  set  by  adjusting  the  electrical  power 
supplied  to  the  heater.  After  the  hot  end  has  reached  thermal 
equilibrium,  data  acquisition  is  initiated. 


II.  RESULTS  AND  ANALYSIS 

The  Q  of  the  resonator  was  determined  by  fitting  the 
steady-state  frequency  response  to  a  standard  resonance 
equation: 

+  (<wV<a5)C'(l  (1) 

where  a>  is  the  angular  frequency  of  the  drive  and  <uo  is  the 
resonance  angular  frequency.^ 
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To  model  the  experiment,  a  closed  tube  with  counter- 
propagating  plane  waves  is  assumed  as  shown  in  Fig.  3.  In 
each  region,  the  acoustic  pressure  of  the  incident  and  reflect¬ 
ed  waves  is  expressed  as  pj"’ —  and 

pi"' =  Fi'V"' **■*’,  respectively.  Continuity  of 'pressure 
and  volume  velocity  is  assumed  at  each  interface.  Continuity 
of  volume  velocity  is  written  in  the  form 
(p(i)  _pi'>)/2|  as  (p‘2'  —  Pi^') /Zj,  where  r  is  called  the 
impedance  of  the  region  and  defined  in  Appendix  A.  At  the 
driving  end  (x  =  0),  u(0,r)  =  /iu/e'"*,  where  /  is  the  effective 
driver  displacement  (assumed  to  be  independent  of  load). 
The  total  complex  acoustic  pressure  at  the  driving  end 
is  P'”  -I-  Pi".  The  amplitude  of  the  sound  at  the  driving 
end,  where  the  response  is  measured,  is  the  absolute  value  of 
P,o„i .  The  expression  for  is  derived  in  Appendix  A.  As 
the  frequency  assumed  for  the  calculation  is  incremented. 
Ptoui  8°^  through  a  maximum,  giving  the  resonance  fre¬ 
quency  fo',f'was  changed  in  steps  of  0.5  Hz.  We  computed 
values  of  A  for  frequencies  spanning  resonance  and  then  per¬ 
formed  a  least-squares  fit  to  Eq.  ( 1 )  using  Qas  the  adjustable 
parameter. 

To  calculate  all  that  need  be  specified  are  the 
propagation  constants  in  each  region  and  the  boundary  con¬ 
ditions.  The  case  of  no  temperature  gradient  is  analyzed  in 


FIG.  3.  Diagram  showing  the  subdivision  of  the  pnme  mover  used  for  the 
counterpropagaling  plane-wave  analysis.  For  analysis,  the  driver  is  as¬ 
sumed  to  be  at  the  left. 

Atchley  et  at. :  Tbermoacoustic  prime  mover  736 


table  1.  Measured  and  predicted  values  of  the  resonance  frequency  and  Qof  the  empty  resonator  for  argon  and  helium  gas  at  various  pressures;  is  the 
total  change  in  resonance  frequency  with  pressure. 


Pressure  (kPa) 

/,( measured) 

/.(predicted) 

%  error 

Q(  measured) 

predicted) 

%  error 

Argon 

170 

155.6 

156.0 

-t-0.3 

79 

81 

+  2.5 

238 

155.8 

156.5 

+  0.4 

91 

95 

+  4.4 

307 

156.0 

156.5 

+  0.3 

102 

no 

+  7,8 

376 

156.1 

156.5 

+  0.3 

116 

123 

+  6.0 

P 

III 

A/=0.3 

av  =  +  0.3 

av  =  +5.1 

Helium 

170 

489.0 

487.5 

+  0.3 

48 

50 

+  4.2 

238 

490.2 

488.0 

+  0.4 

57 

59 

+  3.5 

307 

4906 

488.5 

+  0.4 

64 

67 

+  4.7 

376 

490.5 

489.0 

+  0.3 

70 

74 

+  5.7 

P 

lll 

A/=  1.5 

av=  +0.35 

av  =  +  4.5 

Sec.  II A  below.  Except  in  regions  where  plates  are  present, 
the  propagation  constants  are  computed  from  Shield’s 
work.^  In  the  regions  where  plates  are  present,  the  propaga¬ 
tion  constants  are  computed  from  the  theory  of  sound  propa¬ 
gation  through  porous  media.  Pertinent  results  from  po¬ 
rous  media  theory  are  discussed  in  Appendix  B.  Those  unfa¬ 
miliar  with  this  type  of  analysis  are  advised  to  read  Appendix 
B  before  proceeding.  The  case  where  temperature  gradients 
are  present  is  analyzed  in  Sec.  II  B. 

A,  Analysis  of  data  taken  with  no  temperature  gradlmt 

In  the  empty  resonator  case,  we  set  Aij  •  ^2  •  •  ^4  •  ^4  > 

ki,  z,  equal  to  ,  z, ,  where  k,  is  computed  from  Shield’s 
work^  as  A:,  a  d;/c,  —  /a, .  The  impedance  z,  is  computed 
as  z,  a  (opo/k, .  The  length  of  the  empty  resonator  is  1 .0156 
m.  ilie  measured  and  predicted  Q 's  and  resonance  frequen¬ 
cies  are  shown  in  Table  I  for  the  resonator  filled  with  argon 
and  helium  at  various  pressures. 

For  the  resonator  plus  the  ambient  heat  exchanger, 
/,  a  87.95  cm;  =90.13  cm.  The  heat  exchanger  consists 
of  parallel  plates  with  a  gap  of  1.04  mm.  The  measured  po¬ 
rosity  is  0.667.  Attenborough’s  theory*  is  used  to  compute 


z,  and  kj !  kj  and  k,  and  Zj  and  z,  are  set  equal  to  k,  and  z, , 
respectively.  The  total  resonator  length  is  1.0156  m.  Results 
are  shown  in  Table  II.  Again,  experimental  and  theoretical 
results  are  in  close  agreement.  Note  that  the  sign  of  the  error 
in  Q  has  changed  for  helium  compared  to  that  in  Table  I, 
suggesting  that  more  attenuation  is  predicted  than  actually 
observed. 

Finally,  for  the  case  of  the  prime  mover  with  no  tem¬ 
perature  gradient,  /j  =  93.635  cm  and  /«  =  94.397.  The  full 
resonator  length  is  99.9  cm.  The  stack  consists  of  parallel 
plates  with  a  gap  of  0.77  mm.  The  measured  porosity  is  0.76. 
It  is  clear  that  as  the  wave  propagates  from  pores  of  one 
geometry  to  pores  of  a  different  geometry,  the  flow  velocity 
will  be  changed.  As  an  extereme  example,  offset  parallel  slits 
could  completely  block  the  flow.  It  is  not  so  clear  how  one 
should  include  this  effect.  As  a  first  approximation  we  have 
chosen  to  introduce  as  the  porosity  at  the  heat  exchanger/ 
stack  interface,  the  fraction  of  area  not  blocked  by  either  set 
of  plates  (0.53).  A  more  accurate  representation  might  fol¬ 
low  the  approach  in  Ref.  10.  In  any  case,  using  0.53  instead 
of  0.76  makes  a  difference  of  at  most  10%  in  computed  Q. 
Using  0.53  as  the  porosity  of  the  stack,  Attenborough’s  theo- 


TABLE II.  Measured  and  predicted  values  of  the  resonance  frequency  and  ^of  the  resonator  with  the  ambient  heat  exchanger  for  argon  and  helium  gas  at 
various  pressures;  A/  is  the  total  change  in  resonance  frequerKy  with  pressure. 


Pressure  (ItPa) 

(measured) 

yo(  predicted) 

%  error  C(measuted) 

Q(  predicted) 

%  error 

Argon 

170 

156.4 

156.5 

+  0.1 

60 

59 

-  1.7 

238 

156.5 

157.0 

+  0.3 

72 

71 

-  1.4 

307 

156.4 

157.0 

+  0.4 

81 

82 

+  1.2 

376 

156.7 

+  0.2 

89 

91 

+  2.2 

500 

157.1 

157.0 

-0.1 

103 

+  1.0 

A/=  0.7 

av  =  +  0.2 

av  =  +  0.3 

Helium 

170 

490.3 

488.3 

-0.4 

36 

35 

-  2.8 

238 

491.4 

489.5 

-0,4 

43 

42 

-  2.3 

307 

492.0 

490.0 

-0.4 

49 

49 

0 

376 

493.1 

490.5 

-0.5 

55 

54 

-  1.8 

A/*  2.8 

A/=2.0 

av  =  —  0.4 

av  =  —  1.7 

1 
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Table  hi.  Measured  and  predicted  values  of  the  resonance  frequency  and  Qof  the  prime  mover  with  no  temperature  gradient  for  argon  and  helium  gas  at 
various  pressures;  A/  is  the  total  change  in  resonance  frequency  with  pressure. 


Pressure  (kPa) 

/.(measured) 

/.(predicted) 

%  error 

Q{  measured) 

Q(  predicted) 

%  error 

Argon 

170 

161.6 

162.0 

+  0.2 

40 

38 

-  5 

238 

161.8 

162.0 

+  0.1 

47 

47 

0 

307 

162.1 

162.0 

+  0.0 

54 

53 

_  2 

376 

162.1 

162.3 

+  0.2 

38 

59 

+  2 

SOO 

162.3 

162.5 

+  0.1 

68 

70 

+  3 

n 

Iff 

av  =  +  0.15 

av  =  -t-  2 

Helium 

no 

503.2 

304.3 

-0.1 

23 

20 

-  13 

238 

507.2 

303.3 

-0.3 

28 

26 

-  7 

307 

508.3 

306.0 

-0.3 

32 

30 

-  6 

376 

309.4 

307.0 

-0.3 

36 

34 

-  6 

300 

310.3 

307.3 

-0.6 

42 

40 

-  5 

A/=  3.3 

A/=  3.0 

av  =  —  0.4 

av  =  —  7 

ry  is  again  used  to  compute  AC]  and.7j.  Results  are  shown  in  whereS^  =  vis  the  kinematic  viscosity,  and  a  is 

Table  III.  the  semiwidth  of  the  slit.  Swift  identifies  a  solution 


B.  Analysis  of  data  for  a  prims  movsr  bslow  onset 

The  expressions  for  the  propagation  constant  and  im¬ 
pedance  derived  in  Appendix  B  must  be  altered  when  tem¬ 
perature  gradients  are  present.  To  find  these  new  expres¬ 
sions,  we  take  the  same  approach  as  in  Appendix  B.  The  only 
difference  being  that  we  use  a  theoretical  approach  present¬ 
ed  by  Rott^  and  Swift'  to  solve  for  the  acoustic  velocity  and 
temperature  distribution  across  a  slit  in  the  presence  of  a 
temperature  gradient.  Using  these  results,  we  find  expres¬ 
sions  for  the  complex  density  and  complex  compressibility 
and  finally  k  and  2.  Once  we  have  k  and  z,  we  can  find  P,m,i  • 

The  complex  density  is  the  same  as  that  derived  for  the 
no  temperature  gradient  case  and  derived  in  Appendix  B. 
The  result  is 

^  (l+/)fl/5v  J 

Swift  writes  for  the  appropriate  heat  balance  equation 


(dT  \ 

iio6  +  u, -^j-ui)T„Pp  =  A^-^,  (3) 

where  pf  is  the  density  of  the  gas,  the  isobaric  specific  heat 
capacity  ( per  unit  mass),  9  the  variation  in  temperature  due 
to  the  acoustic  wave,  u ,  the  acoustic  velocity  in  the  direction 
of  propagation,  dT„  /dx  the  temperature  gradient  across  the 
stack,  T„  the  mean  temperature,/?  the  coefficient  of  volume 
expansion,  p  the  acoustic  pressure,  and  the  coefficient  of 
thermal  conduction.  Again  from  Swift, 


dp 


(l  A 

\  cosh[(l -1- i)a/6,]  / 


a,  =- 

<upf  ax  ^  _vj. 

Substituting  this  expression  for  a,  into  Eq.  (3  J  gives 

cosh[(l+/)y/6v]^dr„ 
ayy,  dx  V  cosh( ( 1  + /)a/5„ ]  /  dx 

djr 


g  _ 1  /  <7Cosh[(l +/)y/g,]  \ 

P/Cp  ^  V  (<r— 1)  cosh[(l -(-/)a/6,. ]  / 

dp  dT„  r ^  (dp/dx)(dT„/dx) 

dx  dx  VpfCp  (<7-l)p;<u* 

x(l  I 

V  fk  /J  (I +e,)  cosh[(l  4- i)o/(5i  ] 
where  a  =  v/xy  is  the  Prandtl  number,  and  the  other  new 
terms  are  defined  in  Table  IV.  As  explained  in  Appendix  B. 
the  condensation  of  the  gas  in  the  slit  can  be  expressed  as 

s  =  p/p„-d/T„.  (7) 

Substituting  Eq.  (6)  into  Eq.  (7),  factoring  out  p/yp^,  set¬ 
ting  T^0=l,  and  recognizing  that  p„/p,CpT,„ 
=  (y  —  1  )/y  for  an  ideal  gas  give 


p 

f  a  cosh[(l -|-03'/<5,  ]  \ 

YPm 

1,  (7—1  cosh  [  { 1  -1-  i)a/5,.  ]  / 

dp/dx  9T„/dx 
P  T„ 


TABLE  IV.  Symbols  used  in  Eq.  (6). 


f. 


unh[(l  +  i)a/d,] 
( I  +  i)a/S, 


A  = 


tanli[  ( I  +  /)<i/<5,  ] 
( I  +  i)a/6. 


«.  = 


tanh[(l  +i)a/<5.  ] 
tanh((  1  +  i)b/5, ] 


5,  =  •ilv/ii) 

6,  =  ■^2k,/<i> 
K,  = 


A,  solid  thermal  conductivity 
e,  <=  solid  specific  heat/unit  mass 


<5,  =  yJ2jc,/a/ 

K,  = 

/t,  =  thermal  conductivity 
of  the  fluid 
p,  =  solid  density 
6  =  half-width  of  solid 
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-I.  (r  n  ^  t9p/dx 

[  co'K  ia-l)  p  T„  jj 


1  cosh[(l  + ] 

1  +  cosh[  ( 1  +  i)a/S,  ] 


Integrating  the  condensation  across  the  slit  gives 
rp^  I  1  +  fs  ^  ^  - 1 


^  A+fX  \dp/dx  dT„/dx 

(a-  l)(l  +6,)  J  p  T„  \' 

We  use  Zwikker  and  Kosten's’  definition  of  complex  com¬ 
pressibility  tC(<u)  =:s/p  =  s/p]  to  get 

.  if,.  (7'-  1)/-  .  <^  f,  a  t 

C{.o>)  - -  I  H - 1 - -  I - /, 

YPm  V  I  +  «s  \  -  1 


YPm  V  I  +  «s  \  -  1 

^  /«  dp/dx  dT„/dx 

(^7- i)(l j  p  T„ 


For  plane  traveling  waves,  dp/dx  =  ik(  T„  )p  and  Eq.  ( 10) 
becomes 


7  y>  (  3)^  ~  _ Wi 

^3  '  Zi  ' 

=  —  (F‘*'e  “  ( 17) 

Z4 

or  rewriting, 

=  -F‘”[e'*’'’4-fi(24/z3)e'*’'’]  (18) 

and 

^(3)  ^  ( [p  _  1  ^  ,  j  ( ,9) 

where  B  is  defined  in  Appendix  A.  Working  toward  the  driv¬ 
ing  end,  we  must  apply  a  similar  treatment  at  x  =  4 , 

p(2>^--V2  ^  ^  p(S)g-‘'‘,/i  ^  pn>g'‘‘\h  (20) 


^2 


W»m  [' 


(Y-l)/, 


+//c4(i — 

63^  V  <T  —  I 


(tr- l)(l -h€,)  /  r,„ 

Finally,  referring  to  Appendix  B,  we  can  compute  k  and 
z  according  to 

k^  =  a)^C(aj)p,.  (12) 

The  introduction  of  the  complex  density  results  in  a  sim¬ 
ple  form  for  the  wave  equation  and  allows  one  to  retain  the 
form  of  Eq.  ( 12).  It  should  be  noted,  however,  that  in  the 
process  of  deriving  a  wave  equation  from  (B4),  we  ignored 
the  X  dependence  of  p^,  which  results  in  the  absence  of  the 
terms  noted  in  footnote  1 1.  This  is  the  same  level  of  approxi¬ 
mation  as  using  the  values  of  the  transport  properties  at  the 
mean  temperature  in  the  stack.  The  impedance  can  now  be 
written  as 

z={k/eo)/aC(o)).  (13) 

Note  that  C(  <u ),  k,  and  z  depend  on  the  direction  of  propaga¬ 
tion. 

The  presence  of  a  temperature  gradient  establishes  a  dif¬ 
ference  in  propagation  constants  beyond  a  simple  change  in 
direction.  In  region  3, 

=  (14) 

The  reflected  wave  is 

^(3)  ^^(3y(-«  +  *'.x  (j5^ 

The  only  remaining  task  is  to  get  an  expression  for  P,„^ . 
The  impedance  z  only  enters  in  these  calculations  on  applica¬ 
tion  of  the  boundary  conditions.  At  x  =  4  >  ^3  =23  =  z  cal¬ 
culated  at  T„  =  At  X  =  4,  Z4  =  z;  =  z  calculated  at 
7’m  =  ^hoi-  To  include  this  asymmetry,  we  must  rewrite  the 
boundary  conditions  at  x  =  4  as 


p{l)g~  _ p(2>g'*j4 


pii^g-  '*j'2  _  p  {2) 


,  “  ”  **  ',/i  \B  I  ]  ^ik  j/j 

[B-l-1] 


_  /> *^4  e  ~  e  ~  ~  '* 

*  Z3 

13>+1|  /' 


Dividing  and  setting  the  ratio  on  the  right-hand  side 
equal  to  C, 

p{2)g  -  _j_  p(2)^'*!<j 

=  CPl^’e  -  -  CFi' V*-’'-’  (24) 

or 

-C]  =  +C]  (25) 


Fi**  =  ((C-  11/[C-|-  ll)e“''*-’'VF;^'.  (26) 

The  pattern  for  no  temperature  gradient  derived  in  Appen¬ 
dix  A  is  now  reestablished  and  has  the  same  form  as  in 
Appendix  A. 

Consistent  with  the  discussion  below  Eq.  (12),  the 
speed  of  sound,  viscosity,  etc.,  within  the  stack  are  computed 
at  the  average  temperature  of  the  stack.  The  results  of  the 
calculations  are  shown  in  Figs.  4-6,  along  with  the  experi¬ 
mental  data.  These  figures  are  graphs  of  l/Q,  which  is  pro¬ 
portional  to  the  net  attenuation  in  the  resonator,  versus  tem¬ 
perature  difference,  ranging  from  zero  to  that  required  for 
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FIG.  4.  Graph  of  \/Q  versus  the  temperature  difference  across  the  prime 
mover  stack.  The  symbols  represent  the  data,  while  the  line  represents  the 
results  of  the  calculations.  The  prime  mover  is  filled  with  helium  at  a  mean 
pressure  of  170  kPa. 


FIG.  5.  Graph  of  l/Q  versus  the  temperature  difference  across  the  prime 
mover  stack.  The  symbols  represent  the  data,  while  the  line  represents  the 
results  of  the  calculations.  The  prime  mover  is  filled  with  helium  at  a  mean 
pressure  of  376  kPa. 


FIG.  6.  Graph  of  \/Q  versus  the  temperature  difference  across  the  prime 
mover  stack.  The  symbols  represent  the  data,  while  the  line  represents  the 
results  of  the  calculations.  The  prime  mover  is  filled  with  helium  at  a  mean 
pressure  of  300  kPa. 


onset  of  self  oscillation.  The  figures  correspond  to  mean  gas 
pressures  of  170,  376,  and  500  kPa,  respectively.  The  indi¬ 
vidual  symbols  represent  the  measurements  and  the  lines 
show  the  results  of  the  calculations.  The  agreement  between 
the  theory  and  experiment  at  the  two  higher  pressures  is  very 
good.  There  are  some  noticeable  differences  at  the  lowest 
pressure.  The  theory  overpredicts  the  attenuation  at  low 
temperature  differences  and  underpredicts  the  onset  tem¬ 
perature  (\/Q  =  0). 

Measurements  were  also  made  for  the  second  and  third 
longitudinal  modes  of  the  resonator  at  a  mean  gas  pressure  of 
170  kPa.  The  data  and  calculations  are  shown  in  Fig.  7.  The 
X ’s  and  solid  lines  correspond  to  the  second  mode,  while  the 
open  squares  and  dashed  lines  correspond  to  the  third.  It  was 
not  possible  to  make  measurements  near  onset  for  these 
modes,  becau%  the  onset  temperatures  exceed  that  of  the 
fundamental.  The  agreement  is  good.  The  tendency  to  over¬ 
predict  the  attenuation  at  zero  gradient  decreases,  especially 
for  the  third  mode.  No  conclusions  can  be  drawn  concerning 
the  ability  to  predict  the  onset  temperature. 

III.  SUMMARY  AND  DISCUSSION 

The  frequency  response  of  a  thermoacoustic  prime  mov¬ 
er  has  been  measured  as  a  function  of  the  mean  gas  pressure 
and  temperature  gradient  across  the  prime  mover  stack.  The 
frequency  response  of  two  simpler  resonator  configurations 
was  also  measured  in  the  absence  of  an  applied  gradient.  The 
quality  factor  Q  and  resonance  frequency  were  determined 
from  the  response.  Rather  than  using  a  standing  wave  analy¬ 
sis  such  as  that  given  by  Swift,'  we  have  analyzed  the  results 
in  terms  of  counterpropagating  plane  waves,  an  approach 
used  in  studies  of  the  acoustic  properties  of  porous  materials. 
The  motivation  behind  this  analysis  is  to  develop  the  ability 
to  transfer  extensive  research  of  porous  materials  to  perfor¬ 
mance  predictions  of  thermoacoustic  devices.  This  type  of 
analysis  will  be  especially  useful  when  considering  the  use  of 
alternative  geometries  in  the  prime  mover  stack. 

In  general,  the  predictions  of  the  counterpropagating 
plane-wave  analysis  are  in  good  agreement  with  experiment. 
The  predictions  of  Q  and  the  change  in  resonance  frequency 
with  mean  gas  pressure  are  within  approximately  5%  and 
0.4%  of  measured  values  for  the  no  temperature  gradient 
cases.  In  the  cases  where  temperature  gradients  are  present, 
the  agreement  is  quite  good  for  the  two  highest  mean  pres¬ 
sures  reported  (370  and  5(X)  kPa).  There  are  some  notice¬ 
able  discrepancies  at  the  lowest  pressure  ( 170  kPa).  Future 
work  should  attempt  to  incorporate  the  temperature  de¬ 
pendence  of  the  thermodynamic  properties  within  the  stack. 

Surprisingly,  some  of  the  worst  agreement  is  for  small 
temperature  gradients.  The  reason  for  this  discrepancy  is 
unknown.  There  is  a  tendency  to  underpredict  the  onset  tem¬ 
perature  at  the  lower  pressure  and  slightly  overpredict  it  at 
higher  pressures.  We  have  not  presented  data  or  predictions 
for  the  resonance  frequency  as  a  function  of  temperature 
gradient.  However,  the  predictions  agree  with  measured  val¬ 
ues  to  within  a  few  Hz,  a  discrepancy  of  approximately  1%. 

Even  taking  into  consideration  these  discrepancies,  our 
analysis  provides  a  good  overall  prediction  of  the  perfor- 
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FIG.  7,  Graph  of  \/Q  versus  the  temperature  difference  across  the  prime 
mover  stack  for  the  second  and  third  longitudinal  modes.  The  X 's  and  solid 
line  correspond  to  the  second  mode,  while  the  open  squares  and  dashed  line 
correspond  to  the  third.  The  prime  mover  is  filled  with  helium  at  a  mean 
pressure  of  170  kPa. 


mance  of  the  prime  mover  below  onset.  However,  the  true 
test  is  predicting  the  performance  above  onset.  There  are 
several  significant  differences  between  prime  movers  above 
and  below  onset.  Most  obvious  is  that  the  acoustic  ampli¬ 
tudes  above  onset  are  quite  large.  Ratios  of  acoustic  pressure 
amplitude  to  mean  gas  pressure  of  are  common. 

Yet,  our  analysis  is  bas^  on  linear  acoustics.  Beyond  the 
theoretical  complications  added  by  introducing  nonlinear 
effects,  there  are  a  number  of  experimental  complications. 
For  instance,  the  acoustic  displacement  amplitudes  ap¬ 
proach  the  length  of  the  heat  exchangers.  Also,  because  of 
the  large  transport  of  heat,  there  is  no  assurance  that  the 
temperature  gradient  along  the  prime  mover  stack  will  be 
uniform. 

The  next  logical  step  in  this  research  is  to  investigate 
prime  movers  above  onset,  but  still  in  the  linear  acoustics 
regime.  This  study  requires  the  use  of  some  type  of  known 
additional  attenuation  to  limit  the  amplitudes.  Also,  the 
counterpropagating  plane-wave  analysis  should  be  com¬ 
pared  to  Swift’s  analysis.' 
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APPENDIX  A:  DERIVATION  OF 

The  derivation  ofP,o,„  in  the  absence  of  a  temperature 
gradient  is  presented  in  this  appendix.  The  combination  of 
elements  in  the  thermoacoustic  prime  mover  creates  a  series 
of  boundaries,  each  with  a  characteristic  impedance.  The 
total  acoustic  field  inside  the  resonant  tube  will  be  evaluated 
by  considering  the  field  as  a  superposition  of  traveling  waves 
moving  in  each  direction  through  this  series  of  boundaries 
and  porous  elements. 


The  incident  and  reflected  waves  in  the  five  regions  can 
be  expressed  as 

p(i)  iy<“"  -  '‘I-'*  pM)  -  *1*1 

p(5)  -  *,J.>  pin 

First  consider  the  rigid  end  at  jc  =  /, .  For  a  rigid  boundary, 
u  =  0.  Newton’s  law  givespodu/dt  —  —  Vp.  Assuming  time 
harmonic  plane  waves,  du/dt  =  i(ou  so  ioyp^u  =  —  Vp. 
Hence,  the  boundary  condition  u  =  0  requires  that  Vp  =  0  at 
X  =  /,  or 

-f =0  (Al) 
or 

pO)  (y^2) 

Next,  consider  the  boundary  at  x  =  Continuity  of 
pressure  gives 

—  M4)  p  +  M4) 

_  p(S)g‘l‘“‘  -  *■<^4)  *l'4J  ^  ^2  ) 

or,  using  £q.  (A2). 

p<*tg  ~  '**'4  p{*)g''‘tU 

=  -he'  ( A4) 

Continuity  of  volume  velocity  needs  to  take  into  account 
changes  in  porosity  and  can  be  written  as 

[(/<♦>  +  =  C/;’'  -I-  =  (A5) 

But  U  =  Su  =  Sp/z,  where  S  is  the  cross  sectional  area  of  the 
fluid  and  z  is  the  characteristic  impedance  of  the  region. 
Hence,  continuity  of  volume  velocity  can  be  written  as 

(5  '* Vr‘*' )  ( P  ;*'e  “ 

=  (A6) 


Dividing  by  the  cross-sectional  area  of  the  empty  tube  S, 
defining  the  porosity  n'"’  =S''"/S,  and  further  defining 
the  impedance  z,  =  yield 

( I/Z4  )(P;*^e "  '**'*  - 

=  (P|*'/z,)(e"'*’'‘-c"^'*’V*’'‘).  (A7) 

Dividing  Eq.  (A4)  by  Eq.  (A7)  and  solving  for  give 
P<*>  =  e-^‘*''^(lA-l]/[A+  l])P;*\  (A8) 

where 


A  = 


z,  e 


T  - 

^4  6  ’  •  —  e 


(A9) 


Now  we  will  proceed  to  the  boundary  at  x  =  /, : 

po>e =  -I-  (A  10) 

and 
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and 


(All) 


z={k/o))/C. 


(B2) 


so 


p(3)g  " 


and 


_  ■?«  /g  ~  4-  g  ~  -  1  ]/[^  +  1  ]  j 

z,  \e  -  ^  _  1  ]/[A  +  1  ] 

(A12) 


[fi -  l]/[5+  l])/*;^'.  (A13) 

We  can  now  identify  a  pattern  and  write 

l]/[C+  lj)f»:^  (A14) 


where 

^  2,  /c~‘*''^  +  g~^'*''’([g-  ll/[^+  l])g'*''»\ 

z,  Vg  -  -  g  -  [B  -  1  ]/[B  +  1 1  )g'*’'7  ’ 

(A15) 


In  these  equations  co  is  the  angular  frequency,  the  mean 
fluid  density,  and  C  the  compressibility  of  the  medium.  One 
way  of  defining  the  compressibility  is  through  the  equation 
of  state  p  =  s/C,  where  p  is  the  acoustic  pressure  and  s  the 
condensation.  These  results  must,  of  course,  be  modified 
when  considering  propagation  through  porous  media  to  take 
into  account  the  complications  introduced  by  viscosity  and 
thermal  conductivity.  The  approach  commonly  taken  in  po¬ 
rous  media  analysis  is  to  incorporate  the  added  complexity 
into  the  definitions  of  new  parameters,  such  as  the  complex 
density  and  complex  compressibility,  leaving  the  forms  of 
Eqs.  (B1 )  and  (B2)  unchanged.  This  analysis  is  outlined  in 
this  appendix.  The  reader  is  directed  to  Refs.  8, 9,  and  1 2  for 
a  more  complete  analysis. 

The  average  acoustic  velocity  in  the  slit  formed  between 
two  stationary  parallel  plates  separated  by  2a  is '  ~ 

—  \dp(,  tanhfd -|-/)a/5,  ]  \ 

= - ^  1 - - - ^  .  (B3) 

iiopf  dx\  (1-1-  i)a/8,.  ) 


and 

=  «■'“’''([/)-  ii/[i)+ 1])/*;".  (A16) 

where 

:)  =  fi  (^~  ^  ~  [c  - 1  i/ic  + 1 1  )g'*>'‘  \ 

z,  V  g  “  -  g  ■  (C  -  1  ]/[C  -f  1 1  )g'*‘'’  /  ’ 

(A17) 


Now  we  must  consider  the  driver.  The  driver  is  assumed 
to  deliver  a  constant  displacement  /  independent  of  load, 
X  =  /g“"  (provided  /  is  small).  In  this  case,  the  velocity  is 
Uo(0,r)  =/<u/g'“".  Applying  continuity  of  volume  velocity 
(with  the  definition  of  z, )  at  jc  =  0, 


=  — /',“’fl <A18) 
z,  V  [Z7  -I-  1 1  / 

so 

P:"  =  /iu&,/[l-g~''‘'''([i7-  l]/[I>-l-  1))]  (A19) 

and 

P,^=PV'  +  Pr 

(a20) 

1  _^-2«./,([^_  i]/[2)+  1]) 


APPENDIX  B:  PARALLEL  SUTS  WITHOUT  A 
TEMPERATURE  GRADIENT 

Using  fundamental  concepts  from  inviscid  acoustics,  it 
is  easy  to  show  that  for  plane  waves  the  propagation  constant 
k  and  characteristic  impedance  z  can  be  expressed  as 

k^  =  a)^Cpf  (Bl) 


where  <5„  =  (2v/tt>)’^^  and  v  is  the  kinematic  viscosity.  We 
define  the  complex  density  p,.  in  terms  of  the  pressure  gradi¬ 
ent  and  the  slit-averaged  acoustic  velocity  such  that 


(B4) 


To  be  consistent  we  should  use  the  slit-averaged  pressure 
gradient  in  Eq.  (B4).  However,  we  have  assumed  the  pres¬ 
sure  to  be  dependent  only  on  x,  so  this  distinction  need  not  be 
made.  Solving  Eq.  (B3)  for  —  (dp/dx)  and  comparing  the 
result  to  Eq.  (B4)  give 


(  tanh[(l -i-/)fl/5,.  1 'i 

'’'“H' - j 

The  temperature  equation  is 


(B5) 


iwp/Cpd  -1-  i(op  = 


(B6) 


where  /i*  is  the  coefficient  of  thermal  conduction,  d  the  dif¬ 
ference  between  slit  wall  and  fluid  temperatures,  and  the 
isobaric  specific  heat  of  the  fluid;  y  is  measured  perpendicu¬ 
lar  to  the  slit  wall.  Applying  the  boundary  condition  that 
d  =  0axy=  ±a  yields  the  solution 


\  cosh[(l -I- /)a/6,  ]  / 


(B7) 


A  differential  form  of  the  ideal  gas  equation  of  state  is 
dp/pf  =  dp/p„  —  dT /T„.  Substituting  acoustic  quantities 
for  differentials  and  identifying  the  condensation  as  p/pf,  we 
have 


^=P^Pm 


(B8) 


Substituting  Eq.  (B7)  into  Eq.  (B8)  and  noting  that 
Pm/P/Cp  r,,  =  ( y  -  1  )/y  for  an  ideal  gas  give 


5 


YPm\  cosh[(l /)a/(5.  ]  / 


(B9) 
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Averaging  the  condensation  across  the  slit  gives*^ 


s 


-^fi  +  (r-  1) 
rp.n  \ 


tanh[(l+Oa/jJ\ 
[  ( 1  +  /)o/<5.  ]  / 


Zwikkerand  Kosten'*  define  the  complex  compressibili¬ 
ty  of  the  gas  in  the  slit  through  the  slit-averaged  equation  of 
state 

p  —  s/C{a)).  (BID 


Substituting  Eq.  (BIO)  intoEq.  (BU)  and  keeping  in  mind 
that  the  pressure  is  assumed  constant  across  the  slit,  we  ar¬ 
rive  at  the  following  expression  for  the  complex  compress¬ 
ibility; 


C{q})  =  — ( 
ypm  \ 


,  +  ,Bt2) 

(d+iWi.)  ) 

Now  that  we  have  the  (slit-averaged)  complex  density 
and  complex  compressibility,  we  can  immediately  write 
down  the  slit-averaged  expressions  for  the  propagation  con¬ 
stant  and  impedance.  From  Eq.  (Bl), 


k' =  (BI3) 

From  Eq.  (B2)  and  the  relation  2„  =2/(1  (see  Appendix 
A). 


2„  =  (k  /o})/{lC(io).  (B14) 

To  find  common  ground  with  those  readers  familiar 
with  Swift’s  work,  especially  Ref.  1,  our  Eqs.  (B3),  (B6), 


and  ( B7 )  are  identical  to  { from  Ref  1 )  the  slit-averaged  Eq. 
(A4),  and  Eqs.  (A9)  and  (AlO)  in  the  absence  of  a  tem¬ 
perature  gradient,  respectively. 
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ABSTRACT 

'Diennoacoustic  agines  ca  be  used  to  pump  heat 
using  a  sound  wave  or  pump  a  sound  wave  using  a 
tempeiantie  gradiem.  The  basic  atrangeiumt  is  a  gas- 
fiUed  acoustic  lesonatcr  with  appropriately  positioned 
thennoacoustic  elemats.  Two  types  of  thennacoustic 
elements  are  used  in  these  engines:  (l)heatesclumgen 
used  to  communicate  heat  betwea  the  gas  and  external 
beat  leservoifs:  (2)  the  thennoacoustic  agine  (TAE),  also 
known  as  a  stack.  The  TAEs  are  sections  of  porous 
media  that  support  the  teiqierature  gradient,  ffanqxvt 
heat  on  the  acoustic  wave  betwea  the  exchangers,  and 
produce  or  absorbs  acoustic  power.  Pcevioos  resi^  have 
bea  developed  for  TAEs  wkh  dicular  or  parallel  slit  pore 
geometries.  We  have  extended  the  dwiy  far  gas-fiOed 
TAEs  to  include  pores  of  aibitraiy  cross-sectioinl 
georoesy.  InctuM  are  a  iniirxfactory  section, 
approximate  analysis  cf  atagy  flow,  and  acoustical 
measurements  of  a  thermoacoustic  prime  mover. 


INTRODUCTION 

Thennoaconstics  b  broadly  classified  as  the 
interaction  of  heat  and  sound.  Thebnnchof 
thennoaconstics  we  consider  is  heat  drivaosciPations  of 
gasinaiubeandifaennoaconstictransponofheaL  The 
bask  anangement  is  shown  in  la  where 

thenaoacoustic  ekmenis  of  beat  exchangen  and  a  TAE 
are  shown  in  die  gas-filled  driva  resonance  tube.  The 
plane  wave  mode  of  the  resonator  is  oonsidered  to  be 
dnninant  and  pressure  and  particle  vdodty  have  near 
statufing-wave  phasing.  Tto  arrangement  could  be  used 
to  deliver  acoa^  power  to  the  TAE  for  heat  transport 
fit»iooldoboc(farlowienipenuaregradieais(Tli- 
Tcyd)asinanannalie&igentar.  Thermoacoustic 
dements  are  sections  of  capillaty-iabe-qfpe  porous  media 
as  shown  in  Rg.  lb.  The^  for  the  system  is  built 
ftora  the  modd  far  sound  in  a  single  arbitnay-perimeter 
capOlaty  tube  as  shown  in  Rg.  Ic.  Some  pore  perimeter 
shapes  uduch  have  bea  considered  are  shown  in  Rg.  2. 


Single  mbe  ladii  are  usually  designed  to  equal  the 

frequency-dependent  thermal  boundary  layg  thickness  8t 

foroptii^peifarmance.  By  removing  the  acoustic 
driver  and  supplying  a  saffidently  high  temperature 
gradknt.  the  TAE  produces  acoustic  power  at  the  resonant 
frequency  (tf  the  system. 


Rg.  1.  a)  Generic  arrangement  used  in  thermoacoustic 
heat  engines,  b)  An  exposed  view  of  a  diereioaconstic 
element  consistiiig  of  a  paraDd  combmation  of  square 
capQIaiy  tabes,  c)  A  single  arbitrary-perimeter  capillary 
tube  far  use  in  a  thermoacoustic  demem. 


Observatiom  of  heat-driva  acoustic  osciDations  date 
bade  to  at  least  the  etghieenth  cenmty.  Rayleigh^  gave  a 
qualitative  explanation  well-wanh  quoting:  "In  almost 
all  cases  where  heat  is  communkamd  to  a  bot^, 
expansion  ensues,  and  this  expenskn  may  be  made  to  do 
mechankd  work.  Ifthephasaoftheforeestfaus 
operative  be  favorable,  a  vibration  may  be  maintained.* 
Acoustic  oscillationt  were  nosed  10  frequently  occur  in  a 
capillary  tube  filled  with  helinm  vapor  with  one  end  of 


the  lube  at  appcoumately  2  K  and  the  other  at  room 
temperature  a  qualitative  explanation  similar  to 
Rayleighs  was  given.^  A  full,  linear,  theoretical 
investigation  of  heat-driven  acoustic  oscillations  was 
performed  first  by  N.  RotP  and  was  explored  in  a  series 
of  papers  starting  in  1969.  Ron  has  reviewed  this 
w<^^ 


c)  ''  d) 


Hg.2.  a)  Parallel  plate,  b)  drcular,  c)  rectangular,  and 
d)  equilateral  oiangular  cqullary  utbe  geometries. 


The  reciprocal  mode  of  operatian.  which  uses  a 
sound  wave  in  a  resonator  to  iranqMrt  heat  from  cold  to 
hot  as  in  a  refiigerator,  has  also  been  of  recent  imetest. 
This  thermoacoustic  streaming  has  its  analogy  in 
acoustic  streaming,  which  is  the  transport  of  mass  by  an 
acoustic  wave.^  MeskU  and  Tbomann^  found 
experimental  verificatioo  for  their  theory 
thermoacoustic  streaming  in  a  driven  resonance  tube. 
Wbeadey,  Swift,  Htrfler,  Garrett  and  othen  have 
developed  the  notioo  that  the  anrangemertt  shown  in  Rg. 
la  can  be  viewed  as  a  thermodynamic  heat  engine.^'* 
Swift  has  expertly  reviewed  this  woifc.^  The 
thennotfynamic  heat  engine  poim  of  view  enhances  the 
undemanding  of  ihetmoaooustics  and  is  very  helpful  in 
evalnaiing  practical  devices.  The  ooonectioo  between 
Reft.  4, 6,  and9  has  been  briefly  explored  by  Roo.^^ 
Other  teftuences  to  the  early  histtay  and  practiiionen  of 
thermoacoustics  can  be  found  in  the  review  articles.^ 

A  common  approach  for  the  theory  of  sound  in 
porous  media  is  to  envision  the  medium  as  a  cdlection 
ofdiDtlarcapillaiyiabes.^^  The  generalizadon  to 
cquDaiy  tubes  of  arbiinry  geometry  has  recently  been 
oqdored.^^  The  equations  and  boundary  condidoas  used 
hi  porous  media  modding  and  in  thermoacoustics  are 
nearly  idendcal  (thennoaoousiics  has  an  extra  term 


proportional  to  the  ambient  temperature  gradient  that 
occurs  when  evaluating  the  time  rate  of  change  of  the 
entropy).  It  was  apparent  to  us  that  theniKiacoostic 
theory  should  be  cast  in  a  sufficiently  simple  form  tha 
analysis  of  pore  geometries  other  than  circles^  and 
parallel  slit^*^  would  be  readily  possible. 

hi  particular,  we  have  considered  use  of  extruded 
ceramic  monolilhic  catalyst  siqiports  (for  example,  the 
ceramic  used  in  some  auiomob^  catalytic  convertors) 
use  in  thermoacoustics  on  accoum  of  their  low  thetmaJ 
conductiviy  and  regular  squarejiore  geometry.^^  This 
material  has  main  pores  <rf  diameter  1 mm.  In 
addition,  the  walls  of  the  main  pores  are  porous  as  wel 
with  typical  wan  pores  of  diaiiieter2S  pm.  The 
fiequoicy-dqxndm  complex  propagation  constant  of 
soo^  in  the  square  pore  ceramic  was  measured  in  relate 
wotk.^^  Theqiecificaconsticinqiedanceof  a49cm 
long  piece  was  measured  both  before  and  after  the  wall 
pons  were  filled.  These  measurements  verified  our 
theory  for  sound  propagation  in  porous  waO  porous 
media.^^  The  TAE  used  in  the  lecture  demonstratioou 
a  sample  of  this  ceramic. 

We  have  extended  thermoacoustic  theory  to  inclu 
the  acoustic  field  quandiies  and  the  second  Older  energy 
flowfbratbitratyperimeierpotes.^^  Heat  and  work  lie 
were  compared  in  the  short  stack  approximation  to 
invesiigaK  the  effects  of  pore  geometry.  Once  the 
acoustical  properties  of  die  separaie  thermoacoustic 
elements  h^  been  determined  the  ekmenis  mist  be 
connected  in  series  inside  of  a  resonator  as  shown  in  Fi- 
la.  Numerical  integration  of  the  acoustical  equations  is 
used  to  compute  field  quantities  in  the  stack  since  in 
general  a  tempenone  gradiem  exists  from  one  end  to  thi 
other.^*^  The  physical  parameters  of  ambiem  density, 
viscosity,  sound  speed,  thermal  conductivity,  etc,  are 
itanprrannedeperidem  and  thus  depend  on  location  with 
iheTAE  Spei^  acoustic  inqiedance  and  pressure 
translation  theorems  were  devdoped^^  to  compute  all 
acoustical  Add  quantities  and  energy  flow  M  each  pmm 
the  resonance  tube  shown  in  F«.  la. 

FLUID  PARCEL  VIEW  OF 
THERMOACOUSTICS 

Rgure  3a  and  3b  depict  an  invisdd  gas  pared 
oscillating  between  solid  paraOd  plates  at  the  extremes  ^ 
motion.  Heat  transfer  can  usually  be  neglected  in  norm;, 
low  frequency  acoustics.  However,  for  piveds  near  solic 
surftces  heat  exchange  is  likely  to  occur.  Standing  wav* 
phasing  is  assumed  so  fluid  pared  displacetnent  and 
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pressure  ae  in  phase.  The  plates  have  a  tempeiaoife 
gradient  along  them  in  the  direction  of  oscUiaiion.  The 
ocadon  for  wall  temperasme  To  is  noninany  the  parcel 
apulibriiiin  location.  The  magnitude  of  the  temperanire 
jradient  determines  whether  heat  isttansfenedta  or  fitnn 
hegasparceL  The  right  end  of  the  plate  tees  a  pressare 
indnode  and  the  left  end  a  pressure  node.  OMsiderftrst 
he  heat  pamp  operation  in  Fig.  3a.  The  gas  parcd  is 
-qxdly  diqtbiixd  left  a  distance  d  from  equilihtium. 

During  displacement  parcd  pressure  and  hence 
enqtetatnie  diminishes  and  expansion  occurs.  Attbe 
.eft-most  locadon,  the  pared  is  momentarily  sdll  so  the 
possibaiqr  of  (slow)  heat  transfer  ftom  the  wall  oocuis. 
For  a  small  wall  tenqteraoire  gradient,  the  parcel  is  now 
at  a  lower  tenqtetatuie  than  the  wall  so  heat  flows  ftom 
:he  wall  to  the  parcel  After  transfer  of  heat  dQ' ftom  the 
wall  to  the  par^  the  pared  expands  to  the  size  shown 
oy  the  shaded  square  and  work  is  done  by  the  parcd  on 
die  gas  to  the  1^  This  work  disoonrages  vibration  of 
the  gas  to  the  left  stnee  that  gas  is  in  the  expansion  part 
ofthecycle.  The  parcd  then  is  displaced  to  the  right  a 
distanceld.  Heat  dQ  is  transferred  to  the  wall  ftom  the 
precel  and  the  pared  shrinks  to  the  size  shown  by  the 
shadedsquare.  The  pared  hbaorbs  work  ftom  the  gas  to 
the  right  which  is  in  the  compressional  part  of  the 
acoustic  cycle.  Net  heat  is  transported  by  the  parcd  ftom 
thewaUat  temperanne  To  •  AT  to  the  wall  at 
temperature  To  AT.  b  is  now  easy  to  see  that  heat 
ftom  an  exchanger  at  the  left  can  be  ttansponed  op  the 
temperature  gtadiem  to  a  heat  exchanger  on  the  riband 
that  acoustic  power  is  absorbed  by  the  parcel 


'  SMAUAT:  HEAT  PUMP 
T.-AT  T.  T.+AT 


Fig.  3.  Lagrangian  view  of  a  fluid  pared  in  a  standing 
wave  near  a  boundary. 


Gmsider  next  the  prime  mover  in  Fig.  3b.  The 
gas  pared  is  rapidly  (hs|daced  left  a  dstance  d  from 
equilibrium.  a  large  wall  temperature  gradient,  the 
parcel  is  now  at  a  higher  tenqteiature  than  the  wall  so 
heat  flows  ftom  the  pared  to  the  waO.  After  transfer  of 
heat  dQ*  ftom  the  papcd  to  the  wall  the  parcel  shrinks  to 
the  size  shown  by  the  shaded  square  and  work  is  absorbed 
by  the  pared.  This  woric  encoun^es  vibration  of  the  gas 
to  the  left  since  that  gas  is  in  the  expansion  part  of  the 
cydtk.  The  pared  then  is  displaced  to  the  right  a  distance 
2d  Heat  dQ  is  transferred  to  the  pared  from  the  wall  and 
the  pared  enlarges  lo  the  size  shc^  by  the  shaded 
square.  The  pared  delivers  work  to  the  gas  on  the  right 
which  is  in  te  compressional  part  of  the  acoustic  cyde, 
tiMis  encouraging  vibratiotL  Net  heat  is  nansported  by 
the  pared  from  the  wall  at  temperature  To AT  to  the 
wall  at  temperature  To  •  AT.  It  is  now  easy  to  see  that 
heat  ftom  an  exchanger  at  the  r^  can  be  transported 
down  the  temperature  giadiem  to  a  heat  exchan^  on  the 
left  and  that  acoustic  power  b  produced  by  the  parcel 

Viscous  and  thetmd  boundary  layer 
thicknesses^*^*  are  given  by  Sy  >  (^copo)^  and  - 
(2itfttpQCp)^.  We  mnodnee  a  dimetisionless  ’shear 
wave  number’  X  ■  Rfpoinrii)^^  or  X  •  2^  R/Sy,  where 
R  is  a  characteristic  transverse  duneasioo  of  the  pore  in 
Hg.  ic,  and  a  dimeasioniesstbennd  disturbance  number 
XT-R(poibCpn^^**^T"2^R/5K.  Use  of  the 
Ptandd  number  Npr  •  T)Cp/K  gives  the  relation  Xt  -  X 
Npr^.  For  definiteness,  take  R  to  be  twice  the  ratio  of 
the  transverse  pore  area  to  the  pore  perimeter  so  for  a 
circnlar  or  square  pore,  R  B  the  pore  radius.  Gmsiderthe 
sitigU  pore  owaportfimcdon  F(x,yA)  defined  by  the 
ftdlowing  partid  differential  equation^*: 

r2  - 

F(x,y,X)  ^  V,2  F(x,y;X)  «  1,  (1) 

subject  to  the  boundary  condition  that  F(x,y -  0  at  the 
(atbinry  pctinKier)  pore  wall  in  Fig.  Ic.  The  average 
over  pore  ooss-sectiood  area  A  is  F(X)  -  A*U  F(x.y'A) 
dxdy.  An  first  order  acoustic  and  second  order  heat 
equatioiB  can  be  mitten  in  terms  of  F(x,y;X).^* 

HEAT  AND  WORK  FLOW 

The  short  Mack  approximaaon  was  devised  by 
Swift*  a>  get  an  interpretable  inalytied  expression  for 
energy  flow  ming  boundary  layer  theory.  For  arbitrary 
pore  shapes,  see  Ref.  16.  Figure  la  shows  the 
arrangemem  fDr.lhe  short  stack  approximarion.  Heat 
exchangers  are  taken  to  be  of  negligible  thickness  and 


thus  not  to  affect  near-standing  wave  phasing.  The  TAB 
(or  stadc)  at  length  d  is  assumed  to  be  short  enough  that 
the  ttapty  tube  standing  wave  is  marginally  affected.  The 
temperatmediflgence  between  oppoahe  ends  of  the  TAE 
is  assumed  to  be  much  less  than  the  average  temperature 
at  the  TAE  center  so  that  the  thermophysical  quantities 
are  approximately  constant  and  are  equated  at  the 
avenge  temperanue.  TAE  porosity  is  Q. 

l^tfa  a  rigid  teminatioo  at  z>0  in  Rg.  la, 
pressure,  panicle  velocity  amplitude,  particle  velocity, 
and  particle  diqtiacement  anq^de  and  particle 
displacement  at  z  are 

PlU) »  Pi(0)  cos  koz  . 

vkx)-^««ko*  .  (2b) 

Qpoc 

vz(*)  -  iv  .  (2c) 

^z)-^^  .and  C2d) 

on 

§z(*)— 5k*)  .  (2e) 

where  the  wavenumber  in  the  empty  tube  is  kq.  the  it 
phase  between  pressure  and  particle  displacemern  is  due 
tmlym  the  chrece  of  the  cocvdinaiB  system  in  Rg.  la, 
and  the  actual  pore  particle  vdodty  and  dupiacement  are 
shown.  ^Wben  z  is^less  than  one  quarter  of  a  wavdength, 
Pl(z).  Vs(zX  and  ^z)  are  all  gretaer  than  zeta  The  total 
time  averted  enagy  floe^  the  TAE  is  the  sum  heat 
and  work  flows,  H2(z)  -  ^(z)  +  W2(z).^>^^  Heat  flow 
at  the  hot  end  of  the  TAE  (that  would  flow  inio  a  heat 
exdianger)is 


The  flfst  term  is  due  to  convenion  ttf  acoustic  power  tc 
heat  and  this  heat  flows  (in  the  TAE)  towards  the  neare 
pressure  antiiwde.  The  second  term  is  heat  transported 
accoum  (tf  die  temperature  gradient  and  this  heat  flows 
the  direction  opposite  to  the  positive  temperature  gradit 
irregardless  of  position  of  the  stack  in  the  standing 
wave.  Hie  ttnns  preceding  the  tetnperaniie  gradient  an 
khid  of  a  dynamical  coefficient  thermal  conduction. 

The  TAE  acts  as  a  te&igermor  when  the  first  term  is 
larger  than  the  second.  Denote  by  Tox-(Tc-TH)/dt 
tenyerature  gradient  across  the  seek,  and  denote  by  Tr 
d^lesscriticalmmpre^ 

ceOPToc  ■ 

In  the  inviscid  approximation  for  which  Npr  -  0  and  F 

-1, 

2  POC  2 

x/mF*(Xx)  (l-n  . 

PhysicaOy,  the  term  Im  F* (Xx)  is  a  measure  of  the 
dynamical  thermal  inieraaion  between  the  gas  and  sol 
If  r<l  heat  is  nnsponed  from  cold  to  hot  for  2koz  < 

No  work  is  done  in  the  regioo  to  the  left  of  the 
stack  in  Rg.  la  because  in  this  r^km,  pressure  and 
velocity  have  standing  wave  phasing.  Tocrenpcteth 
work  done  in  the  stack,  use  is  made  of  the  impedance 
translation  theorem  to  get  the  impedance  at  the  right . 
of  the  stack.^^  Denote  by  Vq  .  Am  Q  d  the  ambir. 
volume  of  gas  in  the  TAIL  Work  flow  to  first  order 
kodis 


QAmPl(z)v[(z)p.r^  rm  {F^^j)^)] 

2  1  +  Npr 

PO  Cp  QArei  v^z) 

+  2 

^/in|F*(XT)-*-NTFa)} 

(l-Np,2)IF(X)|2 


W2(z)  -  -  to  ^*^T) 

2p0c2 


-  CO 


PO  Vg  vt^z)  fm  F*(X.) 
2  |F(X)|2 


+  Pl(z)  vkz)p 


x^(z) 


Jjg-JQ 

d 


.  aH-Tc)'=2Ml 

1  -  Npr 
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The  fiist  and  second  tenns,  always  <  0,  are  dissipadan  of 
potential  and  kinedc  energy  per  unit  time  due  to  thermal 
and  viscous  diffusioo  processes.  The  third  term,  which  is 
>  0  when  the  hot  end  faces  a  pressure  andnode.  is  the 
acoustic  power  produced  on  account  of  the  temperature 
gradienL  When  the  third  term  is  larger  than  sum  of  the 
first  two,  the  TAE  produces  net  acoustic  power.  Work 
flow  in  the  invisdd  rg>ptoximadon  is 

W2(z)  P,(0)J 

2  POCp 

X /m  F*  (Xt)  coP(ko2)  (l-F)  •  (7) 

Work  and  heat  flow  are  to  be  compared  for  the 
various  pore  geometries  shown  in  Fig.  2a-2d.  In  the 
inviscid  short  stack  approximation,  pores  with  a  large 
value  of  Im  F(X)*  will  have  the  greatest  heat  and  work 
flows.  According  to  Fig.  4,  which  shows  the  teal  and 
imaginary  parts  of  F(X)  for  the  various  pore  geometries, 
Che  parallel  plate  geometry  has  the  laigM  value  of 
fm  F(X)*.  The  value  oocnn  for  <■  3  whidi  allows 
one  to  compute  the  optimal  operating  freqiwncy  &om  the 
relation  Xc-(po<oCp/K)^R.  In  other  words,  you  can 
get  about  10%  more  heat  flow  and  work  flow  in 
Aermoacoustics  by  choosing  to  make  your  stack  from 
paralld  plates  rather  dun  the  other  pore  geometries.  The 
.iincdooal  form  of  F(X)  for  the  various  pore  geometries  is 
given  in  Ref.  16. 


AIR.nLLED  PRIME  MOVER  RESULTS 

The  air-fUkd  thermoaooustic  source  demonstrated 
during  the  lecture  is  shown  schemadcaOy  in  Fig.  S.  Heat 
exchangers  were  parallel  plates  (rf  copper  and  the  TAE  is 
a  monolithic  catalyst  support  extrutM  oeramic.^^^^ 

The  two'mictophone-technique  impedance^be^7  the 
bottom  was  reinoved  for  the  demonstration.  The 
nominaOy  quarter-wavelength  resonator  was  capped  at  the 
top  with  a  rigid  plate  and  was  open  at  the  bottom.  Heat 
tape  was  wrapped  around  the  hot  end  (die  region  including 
the  mbe  at  top  and  the  first  heat  exchanger)  followed  by 
heat  insnlation.  Water  was  circulated  around  a  jacket 
surrounding  the  cold  heat  exdianger.  In  this  way,  a 
temperature  gradient  was  established  across  die  TAE.  For 
sufficiently  high  temperature  gradients,  (AT  >  176  K)  the 
tube  produces  sound  at  116  Hz.  The  ambient  terryerature 
TC-29SK.  The  location  z-0  is  nominally  a  pressure 
node  and  particle  velod^  antinode  so  the  specific 
acoustic  impedance  (equal  to  pressure  divkU  by  particle 
velocity  and  abbreviated  by  SAI)  is  a  relative  minima  for 
fiequencies  in  the  vicinity  of  the  quarter  wavelength 
resonance.  AO  parts  were  made  (^copper  except  the 
TAE. 
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'lg.4.  Real  and  imaginary  part  of  the  F(X)  different  pore 
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Fig.  5.  Demonstration  thennoacoustic  oscOlaior  and 
analysis  impedance  mbe. 


SAI  measurements  were  made  as  a  fiuiction  of  the 
temperature  gradietu  across  the  stadc.  The  real  part  is 
shown  in  Hg.  6  and  iiruginary  in  Fig.  7.  Among  other 
uses,  these  measurements  are  helpful  for  evaluating  the 


possibility  of  using  the  prime  mover  as  a  sound 
souice.^^  OneimeipietalioaofFig.  6is,farexainple, 
that  die  plane  wave  leflection  coefficient  at  80  Hz  and  AT 
.  160Kis>  1  for  waves  incident  in  a  tube  of  the  same 
as  the  prime  mover  but  in  the  location  of  the 
impedance  tube  in  Fig.  6.^^  Also  shown  as  dashed  lines 
in  Fig.  6  and  7  is  the  expiessiao  for  radiation  impedance 

foraunflan^tube.^  The  expression  is  Znd(«>)  *  ~ 

poc{0coR/2r -i 0.6 kpR]  where tcQ-oyc.  Todetermine 
the  frequency  of  oscillation,  we  solve  for  the  value  of  to 
such  tfam  the  complex  equation  Zf^((0) «  Z(0))  measured 
atz-0.  The  operadag  poirn  AT  -  176  K  and  fret*  116 
Hz  of  the  prime  mover  demonstrated  is  shown  by  the 
plus  symM  in  Figs.  6  and  7. 


Hg.  6.  Real  part  of  the  specific  acoustic  inqtedance  at 
the  mouth  of  the  prime  mover. 


Rg.7.  Imaginaiy  part  of  the  specific  acoustic 
UDpOdSDOB* 


To  validate  the  theoretical  model,  SAI.  denoted  by 
Z(z-0;Mte)  can  be  calculated  at  z-0.^^  Most  generally,  fof 
arbitrary  termination  impedance  Zead(Ufc)  at  z-0.  the 
fteqnency  of  operation  is  determined  by  setting  Zend((at} 

-  ^z-0;me}.^^  Here  cat  -  ~  i  ttfies^Q  >s  the 

complex  eigenfiequency  of  the  system  where  fret  is  the 
resonant  frequency  and  Q  is  the  quality  factor.  Notice 
that  (Ot  is  a  functim  of  the  tube  geometry  and  of  AT. 

TheconditionQ-*— determines  AT  for  onset  of  acoustic 
oscillation.  The  complex  eigenfiequency  has  recently 
been  investigated  for  a  hdium  or  argon-filled  prime 
mover  where  the  resonance  mbe  was  sealed  at  z-0  by  a 
rigidcap.^  The  presence  of  the  strong  acoustic  wave 
influences  its  thermal  surroundings^  by  heat  transport  an 
in  this  sense  die  thermoacoustic  oscillation  is  an  exampl 
of  a  sdf-interacting  wave  process. 

With  the  impedance  tube  removed  in  Fig.  S. 
measurements  were  made  of  die  sound  spectrum  producec 
by  the  prime  mover.  Rgnre  8  shows  the  spectrum  for 
die  onset  temperature  AT  -  176  K  (the  peak  at  42S  Hz 
was  not  produced  by  the  prime  mover)  and  for  AT-  20S 
K.  The.ambient  temperature  was  298  K.  ABnieland 
Kjaer  type  4147  1/2”  mkiophone  was  placed  at  z-0  in 
F^.  5  for  these  measurements.  The  electrical  power 
delivered  to  the  heat  tape  was  220  watts.  ThevalueAT 
209  K  was  the  steady  state  equilibrinm  temperature 
gradient  of  the  system  where  heat  supplied  by  the  ttpe 
was  balanced  by  the  sum  of  the  acoustic  energy  radiated 
away  and  dissipaied  in  the  resonator,  and  the  heat 
deposited  at  the  cold  heat  exchanger  due  to  diermoacous 
transport  plus  normal  heatconducdon  down  die  gradier 


Fig.  8.  Prime  mover  sound  qiectnim  for  onset  AT  - 
K  and  a  higher  AT  -  209  K. 
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Tlie  acoustic  power  radiaiBd  at  1 16  Hz  and  AT  -  209  K 
was  estiinaied  to  be  0^  watts.  Some  of  the  applied  heat 
energy  goes  into  the  acoustical  energy  in  the  band  near 
116  Hz,  in  the  higher  harmonics,  and  into  the  steady  DC 
circuladon  of  gas  due  to  acoustic  streaming^*^  that 
ocean  out  of  the  prime  mover  at  the  center  and  renuns 
along  the  walls.^  Evidence  of  acoustic  streaming  is 
indicated  in  Kg.  8  where  the  generally  elevated 
background  level  is  due  to  flow  mdaced  noise.  Aflow 
velocity  of  4  m/s  was  measured  for  the  gas  exiting  the 
central  part  of  die  prime  mover.  It  is  noteworthy  that  the 
eigenfrequencies  of  the  quarter  wavelengdiOBcflIator  ate 
given  by  fres(2m-f  1)  where  ta-0,1,...  and  the  harmonics 
of  the  fundamental  due  to  nonlinear  processes^  are  given 
by  fh  *  fits  B  where  n  >  2,3.. .  For  example,  the  peak 
at  232  Hz  does  not  correspond  to  any  eigenflequency  of 
the  uibe,  but  is  predicted  by  the  analysis  of  strong  waves 
in  open  tubes.^  Nonlmearides  in  closed  thermoacoustic 
oscUlaton  have  also  been  studied.^ 

Figure  9  shows  AT  «  209  K  sound  produced  by  the 
prime  mover  with  the  microphone  in  the  opening  and  S.7 
cm  from  the  bottom  (inside  the  mbe).  At  the  inside 
point  the  sound  pressure  level  is  143  dB,  116  Hz.  The 
opening  cotrespcxids  nominally  to  a  pressure  node,  so  the 
acoustic  pressure  •>  C0s(icx/2L)  where  X  is  the  datance 
liom  the  top  and  L  -  72.7  cm  is  the  overall  length  of  the 
prime  mover.  Consequently  the  pressure  at  the  tc^  is 
apptoximatdy  8  times  the  ievdatS.7cminside,or* 

163  dB  at  116  Hz.  The  tube  radius  R  -  4.32  cm  is  much 
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Fig.  9.  Mme  mover  sound  spectrum  for  AT  -  209  K  in 
the  mouth  and  3.7  cm  inside  of  the  prime  mover. 


less  than  the  acoustic  wavdengtfa  -  297  cm  at  116  Hz,  so 
the  prime  mover  mouth  behaves  as  a  point  source  of 
spherically  expanding  waves.  Figure  10  shows  the  sound 
pressure  levd  for  the  fundamental  at  116  Hz  and  its 
harmonics  3.7  cm  inside  the  prime  mover,  at  the  mouth, 
and  at  distances  away  firom  the  mouth.  EfTons  to  increase 
the  ratfiatioo  efficiency  of  the  prime  mover  in  a  given 
directioa  would  result  in  mote  radiated  acoustic  energy 
and  would  need  to  be  acoommodaied  by  increasing  the 
temperature  gradient 


ntEOUENCr  (Kt) 

Fig.  10.  Spectral  peaks  as  afunedon  of  distance  from 
the  mouth  of  the  prime  mover. 


In  one  experimem  the  sound  production  by  the 
prime  mover  was  suppressed  and  it  was  super-heated  to 
AT  -  283  K,  well  beyond  the  minimal  onset  AT  -  176 
K.  Figure  11  shows  the  time  evolution  of  the  super¬ 
heated  prime  mover.  A  microphooe  was  {daced  >  14  cm 
from  die  mouth  for  this  measurement  The  top  figure 
shows  the  first  0.6  seconds.  Up  to  1.4  seconds  the 
anqilitude  grows  etqnnentially  with  time  and  beyond  it 
be^  to  level  off.  The  bottam  figure  is  a  peak  detection 
of  the  maximal  pressure  ampUmde,  the  beginnings  of 
which  is  shown  in  the  top  figure.  BetweenUand2 
seconds  the  prime  mover  flutters  as  shown  on  the  bottom 
figure  and  is  qiparent  to  an  observer.  During  this  time 
the  built-up  heat  in  the  hot  end  is  used  up  by  sound 
production  and  thermoacoustic  heat  transport  down  the 
temperature  gradient  After  2  secontb  the  prime  mover 
makes  a  long  transition  to  a  steady-state  pressure  level 
and  the  tempermure  at  the  hot  end  slowly  diminishes  to 
the  steady  state  equilibrium  value  AT  -  209  K.  The  time 


evolution  of  a  non  snpertieated  prime  mover  has  been 
studied  by  Muller,  et  aL^ 


TIME  (MC) 


Hg.  11.  Unie  evolution  of  the  superheated  prime 
mover. 


ASUNDERY  REMARKS 

A  series  of  interesting  fundamental  investigations 
have  been  perfonned  using  a  single  dicular  tube  for 
winch  the  thermal  boundanr  layer  thidmess  was 
qipioxiniaiety  equal  to  the  tube  radius.^*^  Their  basic 
atiangement  was  a  tube  closed  at  one  end  by  a  pressure 
transducer  and  at  the  other  by  varying  transducers 
dqwntfing  on  the  particular  situation  under  study.  The 
gaseous  hdium  filled  tube  was  bent  to  a  U*shape  and  the 
U'portion  was  immersed  in  cold  helium  gas  at 


temperatures  in  the  range  42  to  45  K.^  The  hot  end 
was  held  at  room  temperaure.  They  investigated  the 
stability  curve  of  the  second  tube  mode,^  the  stabilit 
curve  of  the  fundamental  mode  under  a  varied  of 
conditions,^  the  universal  properties  of  a  thermoacou 
oscillator  at  the  intersection  of  the  stability  curve  of  th 
first  and  second  modes,^  and  the  universal  properties 
a  driven  thermoacoustic  oscillator.^  On  the  practical 
side,  thermoacoustics  refrigeration  has  been  a  recent  tc 
of  investigation.^  Traveling  wave  thermoaconstii 
engines  utilizing  the  Stirlin|  thermodynamic  cycle  ha- 
also  been  of  recent  interest^^*^  We  acknowMge  Of 
of  Naval  Research  support 
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Thermoacoustic  heat  engines  can  be  used  to  produce  sound  from  heat  and  to  transport  heat 
using  sound.  The  air-filled  prime  mover  studied  is  a  quarter  wavelength  resonator  that 
produces  sound  at  nominally  1  IS  Hz  for  a  temperature  difference  of  AT  =  176  K.  Specific 
acoustic  impedance  at  the  mouth  of  the  prime  mover  was  measured  as  a  function  of  the 
temperature  difference  between  the  hot  and  cold  heat  exchangers.  The  real  part  of  the 
impedance  changes  sign  for  sufficiently  large  temperature  differences,  indicating  the  possibility 
of  sound  production.  The  theoretically  predicted  radiation  impedance  of  an  open  pipe  was 
compared  to  the  measured  impedance  curves.  The  operating  point  was  confirmed  from  the 
intersection  of  these  experimental  and  theoretical  impedance  curves.  These  measurements 
allow  for  analysis  of  the  prime  mover  as  a  sound  source  as  discussed  in  a  recent  theoretical 
paper  [T.  B.  Gabrielson,  J.  Acoust.  Soc.  Am.  90,  2628-2636  ( 1991 ) ]. 

PACS  numbers:  43.35. Ud,  43.85. Bh 


INTRODUCTION 

Thermoacoustic  engines  are  used  to  transport  heat  us¬ 
ing  sound  and  to  produce  sound  from  heat. '  The  latter  appli¬ 
cation  is  the  focus  of  this  letter.  Thermoacoustic  sources  are 
also  known  as  prime  movers  by  analogy  to  heat  engines  in 
thermodynamics. '  Recent  work  has  considered  use  of  ther¬ 
moacoustic  prime  movers  as  underwater  sound  sources.*  ' 
Applications  to  both  gas  and  liquid-filled  prime  movers  were 
investigated.  A  schematic  diagram  of  a  prime  mover  is  given 
in  Fig.  1.  Starting  at  the  top  in  Fig.  1,  the  essential  elements 
are  a  section  of  a  resonator  with  a  cap  on  the  end  to  establish 
a  velocity  node;  a  hot  heat  exchanger,  indicated  by  vertical 
lines,  to  inject  heat;  a  heat  ionsulating  section,  shown  as  the 
squares  region,  known  as  the  stack  which  supports  the  tem¬ 
perature  gradient  between  the  heat  exchangers;  and  a  cold 
heat  exchanger  to  remove  excess  heat.  When  the  hot  heat 
exchanger  faces  a  velocity  node  (or  pressure  antinode), 
acoustic  power  can  be  produced  in  the  stack  for  sufficiently 
large  temperature  gradients.  The  radiation  impedance  at  the 
mouth  and  the  length  of  the  resonator  determine  the  condi¬ 
tions  for  impedance  matching  the  open  resonator  section 
and  the  prime  mover.^  The  general  utility  of  the  impedance 
framework  was  recently  developed^  for  the  linear  theory  of 
thermoacoustics. ^  The  utility  of  impedance  measurements 
for  analyzing  prime  movers  is  demonstrated  experimentally 
in  this  letter. 

I.  PRIME  MOVER  IMPEDANCE  MEASUREMENTS 

The  experimental  arrangement  used  is  shown  in  Fig.  1. 
A  prime  mover  was  mounted  vertically  and  an  impedance 
tube  was  attached  at  the  bottom  via  a  flange.  The  prime 
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mover  was  built  originally  for  use  as  a  demonstration  device 
and  for  practice  in  fabricating  the  elements.  A  section  of 
resonator  made  of  copper  pipe  of  length  20.96  cm  and  inner 
radius  4.32  cm,  and  capped  at  the  top,  was  the  first  element. 
High-temperature  heat  tape  was  wrapped  around  the  entire 
section  followed  by  a  l-’n.  layer  of  heat  insulating  material. 
Heat  was  transported  by  conduction  to  next  element  which 
was  the  hot  heat  exchanger.  A  type  K  thermocouple  was 
placed  inside  of  the  hot  exchanger  to  monitor  the  tempera¬ 
ture.  The  stack  (or  thermoacoustic  engine)  that  supports 
the  temperature  gradient  was  the  next  element  and  will  be 
discussed  below.  Heat  was  removed  at  the  cold  exchanger  by 
water  from  the  lab  sink.  Another  section  of  resonator,  which 
was  wrapped  with  water-circulating  tubing,  was  the  next 
element.  This  section  was  44.45  cm  long  with  a  radius  of  4.32 
cm. 

The  heat  exchangers  were  made  by  laminating  with  ep¬ 
oxy  copper  sheets  spaced  by  aluminum  sheets.  The  copper- 
aluminum  laminate  was  then  turned  to  a  cylindrical  shape 
using  a  lathe.  The  cylindrical  boundary  was  cladded  with  a 
shell  of  copper  about  2.5  mm  thick  by  using  an  electroplating 
technique.  The  heat  exchanger  was  then  machined  into  a 
disk  form  and  inserted  into  a  flanged  holder  for  attachment 
to  the  other  elements.  Then  the  aluminum  was  etched  away 
using  a  diluted  hydrochloric  acid  solution.  The  resulting 
heat  exchanger  was  made  entirely  of  copper  with  plate-to- 
plate  spacing  of  the  copper  strips  equal  to  1 .65  mm.  The  cold 
heat  exchanger  flange  included  an  open  tank  for  water  circu¬ 
lation  around  the  periphery  of  the  plates.  The  hot  and  cold 
exchangers  were  1.638  and  1.610  cm  long,  and  had  open-to- 
total  volume  ratios  of  H  =  0.74. 

The  stack  was  a  ceramic  cylindrical  sample  of  a  mono¬ 
lithic  catalyst  support.^  Reference  7  describes  the  analysis  of 
some  acoustic  properties  of  the  catalyst  supports.  It  is  a  sec¬ 
tion  of  a  porous  medium  in  which  the  open  pores  have  square 
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THERMOACOUSTIC 
PRIME  MOVER 


TUBE 

FIG.  I .  Air-filled  thermoacoustic  pnme  mover  (2  >  0)  and  impedance  cube. 
Lengths  of  each  chermoacoustic  element  are  given  by  L,  R  is  the  characteris¬ 
tic  transverse  dimension,  and  ft  is  the  porosity.  Microphones  were  separat¬ 
ed  by  10  cm  and  were  S  cm  from  the  speaker  and  prime  mover.  Impedance 
tube  inner  radius  was  7.3  cm. 


boundaries  of  semi- width  0.77  mm,  and  are  straight  tubes  in 
the  z  direction  ( Fig.  1 ).  The  ceramic  sample  had  a  radius  of 
7.3  cm.  To  attach  it  to  the  heat  exchangers,  a  ring  of  inner 
radius  4.32  cm,  outer  radius  7.3  cm,  and  depth  3.2  mm  was 
removed  from  the  ceramic  sample.  This  left  a  protruding 
central  portion.  Copper  rings  of  thickness  3.2  mm,  inner  ra¬ 
dius  4.32  cm,  and  outer  radius  of  12  cm  were  supported  be¬ 
tween  the  ends  of  the  ceramic  piece  using  threaded  rod 
stand-offs.  Holes  were  drilled  in  the  copper  disks  to  match 
the  heat  exchanger  flange  holes. 

An  impedance  tube  with  an  inner-radius  of  7.3  cm  was 
attached  at  the  bottom  of  the  prime  mover.  Microphones 
were  placed  S  cm  from  the  bottom  of  the  prime  mover  and 
the  speaker  below  ( 10-cm  separation ) .  The  impedance  tube" 
is  generally  used  to  determine  the  specific  acoustic  imped¬ 
ance  (or  pressure  divided  by  particle  velocity)  at  2  =  0  in 
Fig.  1.  Dmte  by  and  v,  the  pressure,  volume  veloc¬ 
ity,  and  particle  velocity  at  z  =  0  in  the  impedance  tube  of 
cross-sectional  area  ,4,  =  I67.S  cm^.  Denote  by  subscript  2 
the  corresponding  quantities  for  the  prime  mover.  Assuming 
conservation  of  pressure  and  volume  velocity  at  the  inter¬ 
face,  Pf/Vi  ae  Fj/Fj.  The  quantity  measured  using  the  im¬ 
pedance  tube  was  Z,  =/4,/*,/K,  =: AiPj/yj  —  At 

Fj/(uy4i).  The  desired  quantity  Z,  =  P2/02  was  thus  deter¬ 
mined  from  Z2  »  ZtA2/A ,.  Neglect  of  interfacial  effects  of 
the  impedance  tube  to  prime  mover  radius  discontinuity  is  a 
low-frequency  approximation.  The  prime  mover  was  evalu¬ 
ated  using  swept  sine  wave  analysis  at  sufficiently  low  ampli¬ 
tudes  that  negligible  heat  was  transported  thermoacoustical- 


(b)  FREQUENCY  (Hz) 


FIG.  2.  (a)  Realand(b)  itnaginaiy  pans  of  the  measured  specific  acoustic 
impedance  (solid  lines)  as  a  function  of  the  externally  applied  temperature 
difference.  The  dashed  line  is  the  theoretical  radiation  impedance  for  the 
prime  mover  mouth.  The  plus  symbol  locates  the  operating  point  of  the 
prime  mover  at  the  onset  of  sound  production  at  1 1 S  Hz  and  AT  =:  176  K. 
The  ambient  temperature  was  296  K. 


ly;  The  measured  impedance  can  become  a  function  of  the 
amplitude  of  driving  pressure  signal  at  high  levels  due  to  the 
alteration  of  the  static  temperature  gradient  by  thermoa¬ 
coustic  streaming.'* 

The  real  and  imaginary  parts  of  the  measured  specific 
acoustic  impedance  as  a  function  of  the  temperature  differ¬ 
ence  are  shown  in  Fig.  2(a)  and  (b).  The  real  part  becomes 
negative  at  some  frequencies,  indicating  the  possibility  of 
having  an  active  system  with  reflection  coefficients  greater 
than  one.  "*  When  the  impedance  tube  is  remove,  which  of 
course  changes  the  prime  mover  termination  impedance, 
sound  at  a  nominal  frequency  of  1  IS  Hz  is  produced  for 
A7>176  K.  The  expression  for  the  specific  acoustic  radi¬ 
ation  impedance"  at  the  mouth  of  the  prime  mover  is 
Zna  (<“)  =  —  (^11^  /2)‘  —  i 0.6/c„/?l,  where  k„  =  tij/c. 
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(o  is  the  radian  frequency,  pa  the  ambient  air  density,  c  is 
the  adiabatic  sound  speed  of  air,  and  R  =4.32  cm  is  the  tube 
radius.  The  minus  sign  occurs  because  of  our  choice  for  the 
positive  direction  of  z  in  the  coordinated  system  on  Fig.  I . 
Radiation  impedance  is  represented  by  the  dashed  lines  in 
Fig.  2(a)  and  (b).  One  immediate  check  of  the  measure¬ 
ments  is  that  the  initial  operating  point  (113  Hz,  —  176 
K)  given  by  the  plus  symbols  occurs,  for  both  the  real  and 
imaginary  parts  of  the  radiation  impedance,  at  the  intersec¬ 
tion  of  the  calculated  and  measured  impedance  values. 


II.  CONCLUSION 

Specific  acoustic  impedance  measurements  were  made 
as  a  function  of  the  temperature  gradient  across  the  stack. 
Among  other  uses,  these  measurements  are  helpful  for  eval¬ 
uating  the  possibility  of  using  the  prime  mover  as  a  sound 
source.  Another  interpretation  of  Fig.  2  is,  for  example,  that 
the  plane  wave  reflection  coefficient  at  80  Hz  and  AT  =  160 
K  is  >  1  for  waves  incident  in  an  infinite  length  tube  of  the 
same  diameter  as  the  prime  mover  but  in  the  location  of  the 
impedance  tube  in  Fig.  1.  For  prime  movers  far  above  the 
onset  of  sound  production,  or  for  strongly  driven  thermoa- 
coustic  refrigerators,  the  temperature  distribution  from  hot 
to  cold  is  not  simply  the  static  distribution  established  by  the 
thermal  conductivity  of  the  gas  and  stack.  The  presence  of 
the  strong  acoustic  wave  influences  its  thermal  surround- 
ings'*  by  heat  transport  and  in  this  sense  the  thermoacoustic 
oscillation  is  an  example  of  a  self-interacting  wave  process. 
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